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Abstract
Third-harmonic (TH) generation microscopy is a highly versatile technique with a
broad range of applications that derives its contrast from inhomogeneities in the
linear and nonlinear optical properties of materials. The work presented in this thesis centers on the use of TH generation for microscopic imaging of dielectric thin
film coatings and air plasmas, and analyzes stacks of thin films for efficient TH
generation. We analyzed theoretically and experimentally the influence of spherical aberration in TH generation and determined the conditions under which this
e↵ect can be neglected. These results are relevant for applications involving material
characterization, such as the determination of third-order nonlinear susceptibilities,
(3)

. We developed a model for TH generation in stacked materials that takes into

account interference e↵ects and nonlinear frequency conversion simultaneously. Unlike previous models, we extend this approach to include the contribution from a
substrate for focused beams and for illumination with ultrashort light pulses. The

v

model was applied to determine

(3)

of several oxide single-layer films. This model

was also applied to design novel structures, consisting of an optimized sequence of
films, for efficient TH generation. Considerable TH signal enhancement is predicted
from such structures, a consequence of fundamental field enhancements and periodic
corrections of the phase mismatch. Efficiencies are predicted to reach 20

30%,

exceeding that of previous methods. We also demonstrated the value and sensitivity
of TH microscopy (THM) to detect localized material anisotropies in transparent
optical thin films. The e↵ect of annealing and of di↵erent deposition techniques was
investigated. The results suggest the potential use of THM as a tool for monitoring
thin films during their manufacturing. THM was also applied to characterize laser
damage morphology. We studied the TH signal generated by a weak probe beam
intersecting transversely a pump laser-induced plasma in air and developed a model
for the generation of such signal. Unlike in previous experiments, the intensity of
the probe pulse was chosen small enough such that filamentation was avoided. We
investigated the functional dependence of the TH signal with respect to the electron
density, retrieved

(3)

of the plasma, and measured electron density distributions

with sub picosecond time resolution.
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Chapter 1
Introduction
The aim of this chapter is to provide background information and give a general
introduction to the work presented in this thesis. This includes a description of how
nonlinearities arise in materials, an overview of the field of nonlinear microscopy, a
review of the main applications of third-harmonic generation relevant for the work
presented here, a summary of the research motivation and goals, and an outline of
the chapters of this thesis.

1.1

Nonlinear optical response in materials
“Physics would be dull and life most unfulfilling
if all physical phenomena around us were linear”
Y. R. Shen, The Principles of Nonlinear Optics

The field of nonlinear optics has quickly developed since its beginning in 1961, shortly
after the invention of the laser, when the second harmonic of a Ruby laser was
generated in a quartz crystal [1]. Such an experiment was possible due to the great
increase in electric field strength provided by the recently developed laser sources,
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compared to ordinary (incoherent) light sources.
The diagram shown in Fig. 1.1 shows a simplified yet intuitive picture of how
nonlinearities arise in a material when exposed to strong fields. Whenever a field F

Figure 1.1: (a) Simple model of an atom. (b) Polarization induced by incident field.
(c) Oscillating polarization resulting from oscillating incident field.

is incident upon a material, a polarization is induced, Figs. 1.1 (a) and (b), which
essentially measures the response of the electron density distribution to an electric
field. If an oscillating field is applied, the resultant polarization will oscillate too,
Fig. 1.1 (c). We can think of the atoms in the material as arrays of dipoles that
the oscillating electric field drive, causing them to oscillate like springs. One may
now raise the question, how do the nonlinearities arise? The strength of the field
can become large enough that the dipoles are no longer able to respond in a linear
fashion to the oscillating field. As a result the re-emitted light can contain additional
frequencies.
It is possible to describe how the position of an electron varies in response to an
applied electric field F , by writing down the most general equation for an anharmonic
oscillator [2],
 2
dx
dx
m
+2
+ ⌦2 x
2
dt
dt

(⇠ (2) x2 + ⇠ (3) x3 + · · · ) =

eF (t),

(1.1)

where the first three terms on the left-hand side represent the harmonic terms (with
being a damping constant and ⌦ the resonance frequency), and the remaining terms
represent the anharmonic terms. The term on the right-hand side represents the

2

Chapter 1. Introduction
force exerted on the electron by the incident field which drives the oscillations. The
anharmonic terms are commonly neglected when the amplitude of the oscillations is
small enough. This is equivalent to what is usually done in other common general
physics problems such as the motion of a pendulum, or a mass on a spring. The
induced polarization is thus linear with respect to the field and can be written as,
P = ✏0

(1)

F,

(1.2)
(1)

where ✏0 is the permittivity of free space and the coefficient
ceptibility, which is related to the linear refractive index by

(1)

is the linear sus-

= n2

1 (assuming

the magnetic susceptibility to be unity). If the anharmonic terms are not ignored,
Eq. (1.1) has no exact solution. However, it is possible to approximate the solution
by expressing the electron position as a power series in the electric field, which is
equivalent to expanding the polarization as a power series in the electric field,
PN L = ✏ 0 [

(1)

F+

where the coefficients

(2)

(n)

F2 +

(3)

F 3 + · · · ],

(1.3)

represent the nth order nonlinear susceptibility. In this

thesis we will be focusing on the third term of Eq. (1.3), the third-order polarization.
If we write the incident field as F (t) = F1 ei!1 t + F2 ei!2 t + F3 ei!3 t + c.c., the
third-order nonlinear polarization takes on the form
P (3) = ✏0

(3)

F3 =

X

P (!n )ei!n t ,

(1.4)

n

where the coefficients P (!n ) are proportional to

(3)

and !n represents the following

arguments
!1 , !2 , !3 , 3!1 , 3!2 , 3!3 ,
(!1 + !2 + !3 ), (!1 + !2

!3 ), (!1 + !3

!2 ), (!2 + !3

!1 ),

(2!1 ± !2 ), (2!1 ± !3 ), (2!2 ± !1 ), (2!2 ± !3 ), (2!3 ± !1 ), (2!3 ± !2 ).
3

(1.5)
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Consequently, the nonlinearity in the response of a material to an intense laser field
can cause the polarization of the medium to develop new frequency components not
present in the incident radiation field.

1.2

Nonlinear optical microscopy

The development of new laser sources has made it possible for new techniques in microscopy to emerge. One example is time-resolved confocal microscopy using pulsed
illumination. It has been demonstrated that the imaging contrast in scattering media can be significantly optimized by applying time-gating techniques [3]. Another
example is nonlinear optical microscopy, which relies on the ability to generate a
nonlinear response in a material [4]. The development of femtosecond lasers has
been key for the advancement of this field, mainly because of the ability to attain
extremely large pulse peak powers at moderate pulse energies, below the damage
threshold of the material.
Laser scanning microscopy is a form of optical microscopy for obtaining highresolution images with depth selectivity. Images are obtained point-by-point, by
scanning the focus of a laser beam over the sample, and reconstructed using computer
software. The optical signal measured by a nonlinear microscope can be written as
Z
(n)
S (x, y, z) / [ (n) (x, y, z)F n (t)]2 dt,
(1.6)
where n is the order of the nonlinearity and the time integral reflects the fact that the
detected signals are time averaged due to the finite response time of the electronics
used. As Eq. (1.6) shows, nonlinear microscopy has the ability to map out the
distribution of the nonlinear susceptibility of a material. For the case of linear
microscopy (n = 1), for example, the resultant image is a map of the reflection and
transmission coefficients.
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Because nonlinear signals scale as the intensity to the nth power [F 2 ]n = I n , cf.
Eq. (1.6), they are mainly generated in a region around the focus of the beam,
since only in this region the peak intensity is high enough to generate a nonlinear
response in the material, which makes nonlinear optical microscopy applicable to
3-dimensional imaging through point-by-point image construction. Linear signals,
on the contrary, are generated throughout the extent of the beam, as Figs. 1.2 (a)
and (b) illustrate. Figures 1.2 (c) and (d) show an example of the localization of

Figure 1.2: Comparison of optical sectioning capabilities in (a) linear and (b) nonlinear microscopy. Localization of excitation by (c) 1-photon and (d) 2-photon excitation [5].

excitation for the case of 1-photon and 2-photon fluorescence, respectively.
Another attractive feature of nonlinear microscopy is the potential to create contrast in samples where classical (linear) microscopy fails to identify structures. Two-
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photon fluorescence microscopy is an example of such a nonlinear technique, where
the imaging of living cells and other microscopic objects has been made possible [6].
Live samples, however, are a↵ected by the dye and staining procedures [7]. Other
nonlinear imaging techniques have been developed, which can be performed without
staining, based on second-harmonic generation [8], third-harmonic generation [9],
and coherent anti-Stokes Raman scattering [10, 11].

1.3

Third-harmonic generation microscopy

Third-harmonic (TH) generation is a third-order nonlinear process that can be described by a third-order term in a power series expansion of the nonlinear polarization, Eq. (1.3), which involves the generation of light with a frequency that is
three times that of the input laser beam. Figure 1.3 shows the corresponding photon
energy-level diagram for this nonlinear process. Here, the solid line represents the
ground state, and the dashed lines represent virtual levels.

Figure 1.3: Photon energy-level diagram for TH generation.

As will be explained in Chapter 2, TH microscopy (THM) is particularly suited to
visualize interfaces between materials that di↵er in their linear (refractive index) and
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nonlinear (third-order susceptibility

(3)

) optical properties [9]. This makes THM

a highly versatile technique with a broad range of applications including general
material characterization [12] and imaging of living biological cells and tissue [13,
14, 15].

1.4

Selected applications

The goal of this section is to introduce the main applications of third-harmonic
generation relevant to the work presented in this thesis. A brief summary of previous
work is given, and an overview of the major original contributions is presented.
It is important to mention that for all instances considered here, where a model
was developed to describe TH generation, we assumed small signal conversion and
neglected depletion of the fundamental field. We also omit the dependence of the
third-order nonlinear susceptibilities on the frequencies of the electric fields, which
is justified if the material is lossless and dispersionless and responds instantaneously
to the applied fields. The latter is justified for the longer pulse durations (⇡ 40 fs)
considered here.

1.4.1

Third-harmonic generation from thin films

Modeling TH generation from thin layers, in both transmission and reflection geometries, is of great interest because it can be applied to determine when the TH
from the layer of interest dominates that from the surroundings, which is important
for the interpretation of THM images of thin structures, and to retrieve third-order
nonlinear susceptibilities of thin films from measurements. Previous research on TH
generation from thin layers of stacked materials used an approach based on matching boundary conditions, e.g. [16, 17], where interference e↵ects of fundamental and
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nonlinear fields inside the stack were considered, for the particular case of plane
waves and a monochromatic input field. Such an approach has been applied for the
determination of

(3)

values of thin films [18, 16]. Other approaches have been ap-

plied for the determination of

(3)

of materials and thin layers, without considering

interference e↵ects inside the layer of interest, e.g. [19, 20, 21].
We develop a matrix formalism to describe TH generation in stacked materials in
both transmission and reflection geometries, following an intuitive and rather di↵erent line of thought than that of previous work, that takes into account interference
e↵ects and nonlinear frequency conversion simultaneously. Unlike previous models,
we extend this approach to include the contribution from a substrate for focused
beams with cylindrically symmetric spatial profiles. We also generalize the approach
for illumination with ultrashort light pulses. The model is applied to determine
third-order nonlinear susceptibilities of several oxide films from measurements. The
bandgap dependence of

(3)

of these dielectric films agrees with predictions from

a simple nonlinear oscillator model. The model is also applied to interpret THM
images of dielectric thin film coatings.

1.4.2

Third-harmonic imaging of thin film anisotropies

High quality optical coatings are commonly made from dielectric oxide thin films,
owing to their high damage thresholds. The study of damage mechanisms is fundamental for the quality improvement of dielectric thin films, as it is the development
of tools that allow the characterization of such films. Since TH generation is not allowed in isotropic media with circularly polarized illumination, it has great potential
as a nearly background free imaging method to detect material anisotropy directly
[22]. This technique has been shown to be sensitive to nanoscale anisotropy from individual 10 nm gold nanoparticles as well as to the residual material strain following
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100 mN nanoindentations in fused silica [23]. Because high quality films and their
substrates are expected to display a highly isotropic behavior, any deviation from
pure isotropy is a potential source of contrast for THM. These localized anisotropies
may be laser-induced (e.g. laser incubation [24]) or inherent to the film (e.g. related
to the deposition process), but both are likely correlated to the performance of the
film under high power laser radiation.
We demonstrate the applicability of THM to detect material anisotropy in high
quality optical thin films, and investigate the existence of correlations between specific parameters related to the manufacturing of the film, such as annealing and the
deposition technique, and the corresponding TH images. Furthermore, we show the
applicability of THM to characterize laser damage morphology.

1.4.3

Efficient third-harmonic from optimized stacks of films

The process of nonlinear frequency conversion involves the generation of light at a
di↵erent frequency than the input light, using optical nonlinearities. This is of great
interest when the desired wavelength region cannot be directly obtained with lasers
at a reasonable cost, or when there is an existing laser source that can be used to
generate other wavelengths (e.g. for pump-probe experiments). A limiting factor in
the efficiency of any nonlinear optical process used for this purpose, however, is given
by the phase mismatch between the di↵erent frequency components.
Harmonic generation in structures with periodic modulation of the linear and/or
nonlinear susceptibilities has been used for increasing conversion efficiencies. In
these structures the phase mismatch between fundamental and harmonic waves can
be reset periodically, allowing the generated signal to accumulate constructively over
extended distances. This technique is known as quasi-phase-matching [25].
TH generation is a common technique to convert femtosecond laser pulses to
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shorter wavelengths. A typical approach is through a two-step process of second
harmonic (SH) generation, followed by sum frequency (SF) generation of the latter
and the fundamental. Overall efficiencies typically do not exceed 10%

15%. Effi-

cient generation of phase-matched TH by use of the cubic susceptibility in a single
nonlinear crystal has also been demonstrated [26, 27]. It has been shown that in
addition to the directly generated TH, non-phase-matched cascaded quadratic processes can also contribute to the total TH with efficiencies reaching 11% [27]. TH
efficiencies of 10.8% have been achieved through the simultaneous phase matching
of SH and SF generation [28].

Using thin dielectric coatings for efficient TH generation is an attractive idea due
to their wide bandgap and broad transmission spectrum. Because of the short interaction lengths, pulse broadening and other e↵ects associated with the propagation of
short pulses, are greatly reduced. Custom stacks of films can easily be produced with
high quality using well established coating methodologies. TH conversion efficiencies
of ⇡ 1% have been demonstrated from single dielectric layers of ZnO [21]. Efficient
TH generation from stacks of films has also been proposed and showed some promise
[29].

We apply the model we developed for TH generation in stacked materials to
design novel structures, consisting of an optimized sequence of films, for optimum
TH generation, by exploiting the interplay of local field enhancements and periodic
resets of the phase mismatch. Conversion efficiencies exceeding 20% are possible,
which would make such devices an attractive alternative to configurations using
crystals.
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1.4.4

Third-harmonic generation from laser-induced plasmas

Studies of femtosecond laser-induced plasmas, including laser-induced filaments, have
become popular due to the great extent of potential applications including the generation of ultra-short pulses in the UV, long-range atmospheric sensing, and lightning
discharge control. THM is a tool that can be used for the study of such plasmas.
The potential of this technique from the standpoint of plasma diagnostics has been
suggested in studies of laser plasma plumes from solid targets [30], but it has remained unclear how the observed structures in the TH signal are related to plasma
properties. TH generation by a filament producing signal pulse has also been studied
in the presence of a plasma string generated by an energetic pump in gaseous media,
see for example [31, 32]. This scenario is of potential interest for the generation of
ultra-short pulses in the UV wavelength range, e.g. [33]. The observed two-order-ofmagnitude increase of the TH efficiency in the presence of the pump-induced plasma
was attributed to a plasma-enhanced

(3)

[31].

We investigate the TH signal generated by a weak probe beam intersecting transversely a pump laser-induced plasma in air and develop a general model for the generation of such a signal, applicable for a wide range of focusing conditions and a radially
symmetric distribution of the electron density. Unlike in previous experiments, the
intensity of the probe pulse was chosen small enough such that filamentation was
avoided and the TH signal was proportional to the probe intensity raised to the third
power, which allowed us to study the properties of the pump-induced plasma and
TH generation without interference by probe-induced filamentation and associated
nonlinearities. We measure the functional dependence of the TH signal with respect
to the electron density, estimate

(3)

of such a medium, and propose a method by

which the electron density distribution of a laser-induced plasma can be measured
with temporal resolution. We also evaluate the conditions under which TH generation can be used for 3D imaging of plasmas.
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1.5

Thesis motivation and goals

The work presented in this thesis centers on the use of TH generation for efficient
frequency conversion from stacks of films and microscopic imaging of 1) dielectric
thin film coatings and 2) laser-induced air plasmas.
The motivation behind the topics investigated in this thesis can be summarized
as follows:
1. E↵ects of spherical aberration on TH generation: Spherical aberration
is an unavoidable e↵ect that results from focusing through a dielectric slab
with high numerical aperture microscope objectives. Because of the cubic dependence of third-order processes on the intensity of the fundamental field,
this e↵ect can be rather significant on the TH signal. Applications involving
material characterization, such as third-order nonlinear susceptibility measurements, can be greatly impacted by spherical aberration. A theoretical model
on TH signal generation capable of including this e↵ect is of great practical
value for such applications.
2. Characterization of TH generation from thin films: THM is well suited
to visualize interfaces between materials that di↵er in their linear and nonlinear
optical properties. The interpretation of images of thin samples, such as films
or membranes, is hampered by the fact that the TH signal is a sum of fields
from the layer of interest and the surrounding material within the focal volume.
A model that is capable of describing TH generation in stacked materials, in
both transmission and reflection geometries, is desirable. A number of practical
applications can benefit from such a model, including: measuring third-order
nonlinear susceptibilities, designing experimental conditions that ensure that
the detected TH originates from the layer of interest only, and determining
changes in film thickness (e.g. due to material removal in laser ablation craters).
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3. TH imaging of anisotropies in dielectric thin films: The study and improvement of high quality optical coatings is important for applications where
high laser fluences are needed. High quality optical coatings are usually made
from dielectric oxide thin films, owing to their high damage thresholds. Developing tools that allow the characterization and subsequent improvement of
these films is of great interest. Because TH generation under circularly polarized illumination is not allowed in isotropic media, it has great potential
as a nearly background free imaging method capable of detecting material
anisotropy directly. Since high quality films are expected to display a highly
isotropic behavior, any deviation from pure isotropy represents a potential
source of contrast for THM. These localized anisotropies may be laser-induced
or inherent to the film, but both are likely correlated to the performance of the
film under high power laser radiation.
4. Efficient TH generation from optimized stacks of films: The process of
nonlinear frequency conversion involves the generation of light at a di↵erent frequency than the input light, using optical nonlinearities. This is of great interest when the desired wavelength region cannot be directly obtained with lasers
at a reasonable cost, or when there is an existing laser source that can be used to
generate other wavelengths (e.g. for pump-probe experiments). TH generation
is a common technique to convert laser radiation to shorter wavelengths. An
important limiting factor in the efficiency of such nonlinear optical processes
comes from the phase mismatch that results from material dispersion. A wide
range of techniques have been developed over the last decades to compensate for
this mismatch, allowing the generated nonlinear signal to accumulate constructively over an extended propagation distance and hence increase the efficiency of
the frequency conversion process. Currently, to produce the TH of femtosecond
lasers one typically follows a two-step process, of second harmonic generation
followed by sum frequency generation of the latter and the fundamental, with
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efficiencies typically not exceeding 10 15%. A more straightforward technique
involves using the cubic nonlinearity of isotropic materials or crystals through
direct TH generation making use of some quasi-phase-matching technique. Using thin dielectric coatings for efficient TH generation is an attractive idea due
to their wide bandgap and broad transmission spectrum. The use of stacks of
such films could lead to cheaper and more damage resistant optical elements
than what is currently available.
5. Characterization of laser-induced plasmas by TH generation: Studies
of femtosecond laser-induced plasmas, including laser-induced filaments, have
become popular due to the great extent of potential applications such as the
generation of ultra-short pulses in the UV, long-range atmospheric sensing, and
lightning discharge control. Investigating the TH signal generated by a weak
probe beam intersecting a pump laser-induced plasma is of great interest for the
study of the properties of such plasma. By maintaining the probe energy low
enough, interference by probe-induced filamentation and associated nonlinearities can be avoided (contrary to previous studies). Such an experiment, along
with an appropriate model to describe the generated TH, could be applied to
the measurement of the electron density distribution of such plasmas with temporal resolution and the retrieval of the third-order nonlinear susceptibility of
the plasma, among other applications.

The main research goals of this thesis are outlined below:

1. To investigate via modeling and experiment the e↵ect of spherical aberration
on the signal measured by a TH microscope in relation to the numerical aperture of the focusing optics and the thickness of the material under study, and
discuss its impact on applications such as third-order nonlinear susceptibility
measurements.
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2. To develop a model capable of describing TH generation in stacked materials,
in both transmission and reflection geometries, and apply it to determine when
the TH from the film dominates that from the substrate, which is important for
the interpretation of THM images of thin structures, and to retrieve third-order
nonlinear susceptibilities of dielectric thin films from measurements.
3. To describe and implement a method for alternating between linear and circular polarization of the incident fundamental beam in the focal plane of a TH
microscope.
4. To evaluate the utility of THM as a tool for the inspection of transparent optical
thin films, including the investigation of the e↵ect of annealing and of di↵erent
deposition techniques, and the characterization of laser damage morphology.
5. To design optimized stacks of dielectric thin films for efficient TH generation.
6. To develop a model that describes TH generation by a probe in the presence
of a pump-induced air plasma, and to measure the functional dependence of
the TH signal with respect to the electron density, estimate the third-order
nonlinear susceptibility of such a medium, and propose a method by which the
electron density distribution of a laser-induced plasma can be measured with
temporal resolution.

1.6

Thesis outline

An outline of the chapters contained in this thesis is provided below.
Chapter 2 provides the necessary theoretical background regarding TH generation. We begin by introducing the wave equation that describes the generation
and propagation of waves in nonlinear optical media. We consider the particular
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case of TH generation and present solutions to the wave equation for a few di↵erent
cases. At the end of the chapter, a number of key features of TH signal generation
are described. When necessary, additional background details will be given at the
beginning of each chapter.
Chapter 3 introduces the two THM experimental setups referenced throughout
the thesis. We show experimental data used to determine the spatial resolution of the
TH microscopes. We also demonstrate how to alternate between linear and circular
polarization of the incident fundamental beam in the focal plane of the microscope,
which we implement in one of the setups. The main specifications of the femtosecond
laser sources used are also provided.
In Chapter 5 we present a matrix formalism we developed to describe TH generation in stacked materials, in both transmission and reflection geometries. The model
takes into account interference e↵ects of fundamental and nonlinear fields inside the
stack, nonlinear signal generation in forward and backward direction, and the coupling of co- and counter-propagating waves. The model is extended to include the
contribution from a substrate for focused beams with cylindrically symmetric spatial
beam profiles and for illumination with ultrashort light pulses. We describe a number of experiments to test the validity of the model, and finally apply it to determine
nonlinear optical susceptibilities

(3)

of various dielectric films.

In Chapter 6 we introduce a practical source of contrast in THM originating
from the dependence of the nonlinear polarization on the symmetry properties of the
material and the state of polarization of the incident fields. Because TH generation is
not allowed in isotropic media with circularly polarized illumination, this microscopy
modality has great potential as a nearly background free imaging method to detect
material anisotropy directly. We demonstrate the applicability of THM to detect
localized anisotropies in high quality optical thin films and investigate the presence
of correlations between specific parameters related to the manufacturing of the film,
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such as annealing and the deposition technique, and the corresponding TH images.
Such correlations make THM a promising tool for monitoring thin film properties
during deposition. We also apply THM to characterize laser damage morphology,
and use it to quantify the extent of material removal in ablation craters.
In Chapter 7 we make use of the model introduced in Chapter 5 to design film
stacks for optimum TH generation, by exploiting the interplay of local field enhancements and periodic resets of the phase mismatch.
The work presented in Chapter 8 focuses on the application of THM to the study
of laser-induced plasmas. We present a general model we developed for the generation
of the TH signal by a weak probe beam intersecting transversely a pump laserinduced plasma in air. We experimentally measure the functional dependence of the
TH signal with respect to the electron density in the plasma, estimate the nonlinear
susceptibility of such a medium, and propose a method by which the electron density
distribution of a laser-induced plasma can be measured with temporal resolution.
The conditions under which TH generation can be used for 3D imaging of plasmas
are evaluated and the limitations discussed. Some of the experimental work presented
in this chapter was performed in conjunction with Zhanliang Sun.
Chapter 9 summarizes the work presented in this thesis and provides a direction
for future work.
Most of the work presented in this thesis is featured in publications [34, 35, 36, 23]
and has been presented at a number of conferences including those cited in references
[37, 38, 39, 40, 41, 42]. A patent application [43] has also been filed for the device and
method we are proposing to frequency convert laser radiation using TH generation.
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Third-harmonic signal generation
Third-harmonic (TH) generation microscopy [9] has been recognized as a useful nonlinear imaging modality to observe spatial inhomogeneities in both the linear (refractive index) and nonlinear (third-order susceptibility
materials. Since all materials have a non-vanishing

(3)

(3)

) optical properties of

, this technique can be ap-

plied to study virtually any material, as long as it is transparent at the wavelengths
involved.
The goal of this chapter is to provide a general theoretical background regarding
the generation and propagation of waves in nonlinear optical media, in particular, the
process of TH generation, which is the main topic of this thesis. We provide solutions
to the wave equation for several cases that are relevant for subsequent chapters, and
describe some of the main features of TH generation.

2.1

Nonlinear signal generation

The generation and propagation of coherent waves in nonlinear optical media was
discussed more than 50 years ago [44]. When light is incident on a transparent
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material, a polarization PeN L is induced, which measures the response of the electron
density distribution to an electric field, and is usually expressed as a power series in
the field strength,
PeN L (r, t) = ✏0 [

(1)

Fe(r, t) +

(2)

Fe2 (r, t) +

(3)

Fe3 (r, t) + · · · ].

In this thesis we denote vectors using boldface. The coefficients

(2.1)
(n)

in Eq. (2.1)

are the nth order susceptibilities and r = (x, y, z). For simplicity we omitted the
vector nature of PeN L and Fe as well as the tensor nature of (n) . We also omit
the dependence of the nonlinear susceptibilities on the frequencies of the electric

fields, which is justified if the material is lossless and dispersionless and responds
instantaneously to the applied fields. The latter is justified for the longer pulse
durations (⇡ 40 fs) considered in this thesis.
Starting from Maxwell’s equations it can be demonstrated, see for example [45],
that the induced polarization acts as a source in the optical wave equation for the
e t):
generated nonlinear field E(r,
e
⌘2 @ 2E
e
r⇥r⇥E+ 2 2 =
c @t

e NL
1 @ 2P
,
✏0 c2 @t2

(2.2)

where ⌘ is the refractive index at the frequency of the generated nonlinear field, c is
the speed of light in vacuum, and ✏0 is the permittivity of free space. The first term
on the left hand side of Eq. (2.2) can be expanded as
e = r(r · E)
e
r⇥r⇥E

e
r2 E.

(2.3)

It turns out that in nonlinear optics the first term on the right-hand side of Eq. (2.3)
e is of the form
can be neglected for most cases of interest [45]. For example, when E
e = 0. In general, when the slowly varying
of a transverse infinite plane wave r · E
amplitude approximation is valid (see Section 2.3), the first term on the right-hand

side of Eq. (2.3) can be shown to be small in comparison to the second term. The
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wave equation thus takes on the form
e
r2 E

2.2

e
e NL
⌘2 @ 2E
1 @ 2P
=
.
c2 @t2
✏0 c2 @t2

(2.4)

Wave equation for third-harmonic generation

Here we write the nonlinear optical wave equation derived in the previous section for
the particular case of TH generation.
In the following we will restrict ourselves to the special case of TH generation
in a nonlinear slab, assuming all electric fields are polarized parallel to the x axis
(see Fig. 2.1) and consider the case of normal incidence, so propagation occurs along
the z axis. We also assume small signal conversion and neglect depletion of the
fundamental field.

Figure 2.1: TH generation in a nonlinear slab.

The electric field at the fundamental and TH frequencies are given by,
Fe(x, y, z, t) = F (x, y, z)e

e y, z, t) = E(x, y, z)e
E(x,

ikz i!t

e

= Fe(x, y, z)ei!t

iz 3i!t

e

e y, z)e3i!t ,
= E(x,

(2.5)

where k () is the wave-vector at the fundamental (TH) frequency and the nonlinear
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polarization for TH generation is given by,
P (3) (x, y, z, t) = ✏0

(3)

Fe3 = ✏0

(3)

F 3e

3ikz 3i!t

e

.

(2.6)

Equation (2.4) can now be written as,
r2T E +

@ 2E
@z 2

2i

@E
=
@z

9! 2 (3) 3
F e
c2

where r2T = @ 2 /@x2 + @ 2 /@y 2 and

k = 3k

i k z

,

(2.7)

 is the wave-vector mismatch of the

fundamental and TH waves, which is determined by the material parameters,
k =

2.3

6⇡

(n

⌘).

(2.8)

Solutions to the paraxial wave equation

Since the energy transfer among waves is only significant after the waves have traveled
over a distance much longer than their wavelengths, we expect [46]
@ 2E
@E
⌧ 
.
2
@z
@z

(2.9)

This result is known as the paraxial wave equation or slowly varying amplitude
approximation. Equation (2.7) can now be written as,
r2T E

2i

@E
=
@z

9! 2 (3) 3
F e
c2

i k z

.

(2.10)

In the following subsections we show how to solve the wave equation given by Eq.
(2.10) assuming monochromatic input fields for the case of incident plane waves, and
focused beams with (a) Gaussian spatial profiles and (b) the more general case of
arbitrary cylindrically symmetric spatial profiles. We also consider the case of short
laser pulses and their associated finite spectrum.
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2.3.1

Incident plane waves

If incident plane waves are assumed then Eq. (2.10) reduces to,
@E
=
@z

9i! 2 (3) 3
F e
2c2

i k z

.

(2.11)

Integrating Eq. (2.11) yields the TH field at position z in the semi-infinite slab,
e
E(z)
= E(zi )e

i(z zi )

9! 2 (3) F 3 ⇥
e
2c2
k

i(z zi )

e

3ik(z zi )

⇤

,

(2.12)

where E(zi ) is the incident TH field at the input face of the slab at z = zi . Equation
(2.12) can be rearranged to give,
⇢
9i! 2 (3) F 3
i(z
z
)
i
e
E(z) = e
E(zi )
e
c2
k

i

k

(z
2

zi )

sin



k (z
2

zi )

. (2.13)

2
e
Figure 2.2 shows the TH signal (/ |E(z)|
) as a function of z based on Eq. (2.13)

for two cases:

= 800 nm) and

k

=

1 ⇥ 106 m

1

(fused silica, for a fundamental wavelength

k = 0 (perfect phase matching). As Fig. 2.2 shows, the phase

Figure 2.2: E↵ect of the wave-vector mismatch on the TH signal.

mismatch between fundamental and TH waves does not allow the generated signal
to accumulate constructively over an extended propagation distance, thus limiting
the TH conversion efficiency. The layer thickness for which the TH conversion is a
maximum is known as the coherence length.
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Backward propagating fields and the paraxial wave equation
The third-order nonlinear polarization P (3) acts as the source of new field components oscillating at the TH frequency, 3!, propagating in both forward and backward
directions. The real physical implication of the paraxial wave equation or the slowly
varying amplitude approximation, Eq. (2.9), is in neglecting the oppositely propagating field component generated by P (3) [46].
For illustrative purposes we can think of each atom within the focal volume
developing an oscillating dipole moment with a component at frequency 3!. Since
each dipole emitter oscillates with a phase determined by the phase of the incident
fields, the emitted waves will interfere. While waves emitted in the same direction as
the excitation fields (which we refer to as forward-generated TH) can constructively
interfere (over the coherence length) producing strong signals, significant destructive
interference among waves emitted in the opposite direction of the excitation fields
(which we refer to as backward-generated TH) impedes signal buildup, a consequence
of the much larger wave-vector mismatch. There are cases, see for example Chapter
5, in which the forward and backward-generated TH can be of the same order.
It is possible to solve Eq. (2.7) without the need of the slowly varying amplitude
approximation by using the Green’s function method [46]. When this is done it can
be shown that the second-order wave equation, Eq. (2.4), for the case of incident
plane waves, is equivalent to the following two first order di↵erential equations,
@Er
9i! 2 (3) 3
=
F e
@z
2c2
@El
9i! 2 (3) 3 i
=
F e
@z
2c2
where

i k z

k+ z

,

,

(2.14)

k ⌥ = 3k ⌥  is the wave-vector mismatch for the forward (-) and backward

(+) generated TH. The total TH field can now be written as,
e t) = Er (z)e
E(z,

i(z 3!t)

+ El (z)ei(z+3!t) ,
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where Er and El are the right(forward)-propagating and left(backward)-propagating
TH fields, respectively. Figure 2.3 shows the forward- and backward-generated TH as
a function of the propagation distance z in the material (fused silica). The coherence
length of the backward-generated TH is ⇡ 65 times smaller than that of the forwardgenerated TH.

Figure 2.3: Forward- and backward-generated TH as a function of the propagation
distance z in the material (fused silica).

2.3.2

Focused Gaussian beams

In this section we solve Eq. (2.10) assuming focused beams incident on the nonlinear
medium, with a Gaussian transverse intensity distribution.
The incident Gaussian fundamental electric field can be represented as (see for
example [45])
F (r, z) = F0

w0
e
w(z)

r2 /w2 (z)

e

ikr2 /2R(z) i arctan(z/z0 )

e

,

(2.16)

where
w(z) = w0

p

1 + (z/z0 )2 ,

(2.17)
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is the beam radius for which the field intensity drops to 1/e2 and
⇥
⇤
R(z) = z 1 + (z0 /z)2 ,

(2.18)

is the radius of curvature of the wavefront, with w0 the beam waist radius at the
focus and z0 = ⇡w02 / the Rayleigh length. The phase factor

Gouy

= arctan(z/z0 )

is known as the Gouy phase shift, which is the ⇡ radians phase shift that any beam
experiences in passing through its focus.
Equation (2.10) can be solved for such an incident fundamental field (see for
example [45]) to give, for the forward-generated TH field,
E(z) = E(zi )

9i! 2 (3) 3
F0
2c2

Z

z

dz
zi

0

e
(1

i k z0

iz 0 /z0 )2

.

The TH energy is thus given by,
r
⇡
w2
S=
⌧G ✏0 c⇡ 0 |E(z)|2 ,
6
12

(2.19)

(2.20)

p
where ⌧G = ⌧p / 2 ln 2 with ⌧p the pulse duration measured at the full width at
half maximum of the fundamental field intensity in the time domain. Here, we
integrated with respect to time assuming a Gaussian temporal shape for the incident
fundamental field, F0 (t) = F0 e

2
t2 /⌧G

, which is justified for longer pulse durations

(& 50 fs). Otherwise the finite spectrum associated with short pulses needs to be
considered in the calculations of the TH field as shown in Section 2.3.4.
The integral in Eq. (2.19) can only be solved analytically for a few special cases.
For example, when the nonlinear medium is thin enough such that z/z0 ⌧ 1, the
denominator becomes ⇡ 1. This corresponds to the plane wave limit and the solution
is given by Eq. (2.12).
In Section 2.4 we will discuss further the implications of the solution given by
Eq. (2.12).
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2.3.3

Cylindrically symmetric beam profiles

Equation (2.4) can be solved for the case of focused beams with arbitrary cylindrically
symmetric spatial profiles. The approach we follow [47] involves performing a Hankel
decomposition of the driving polarization into plane wave components (by means of
a Hankel transformation, HT) and calculating the generated TH field from each of
these components. This can be done by evaluating the time derivatives in Eq. (2.4),
e z, t)
@ 2 E(r,
=
@t2

e z)e3i!t
9! 2 E(r,

@ 2 Pe(3) (r, z, t)
=
@t2

and

9! 2 Pe(3) (r, z)e3i!t , (2.21)

and writing the Laplacian in cylindrical coordinates (r, , z), assuming that the fields
do not depend on the azimuthal angle ,
e z)
@ 2 E(r,
+
@z 2

✓

@2
1 @
+
2
@r
r @r

◆

e z) + 2 E(r,
e z) =
E(r,

9! 2 e(3)
P (r, z).
✏0 c2

(2.22)

Equation (2.22) can be written in the spatial frequency domain, ⇢, via a Hankel
transformation, defined by:
Z
o
e
e
HT E(r, z) = E(⇢, z) = 2⇡
n

and similarly for PeN L (⇢, z), to get:
✓

@2
@z 2

2 2

4⇡ ⇢ + 

2

◆

e z) =
E(⇢,

1
0

e z)J0 (2⇡⇢r)rdr,
E(r,

9! 2 e(3)
P (⇢, z).
✏0 c2

(2.23)

(2.24)

An exact solution to Eq. (2.24) can be obtained [47]. To avoid second derivatives
with respect to z we impose the paraxial approximation or slowly varying amplitude
approximation, Eq. (2.9), which assumes low numerical aperture (NA) focusing
conditions, to get:
2i⇡ 2 ⇢2
@E(⇢, z)
=
E(⇢, z)
@z


9i! 2 (3)
e
2c2
26

i k z

HT{F 3 (r, z)}.

(2.25)
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The solution to Eq. (2.25) can be written as,
2i⇡ 2 ⇢2

E(⇢, z) = e  (z zi ) E(⇢, zi )
Z
9i! 2 (3) 2i⇡2 ⇢2 z z 0

e
dz e
2c2
zi

2i⇡ 2 ⇢2 0
z


e

i k z0

HT{F 3 (r, z 0 )}.

(2.26)

It is important to mention that even though Eq. (2.26) was derived assuming low
NA focusing conditions (NA  0.5), it has been shown that for higher NA values,
the di↵erences between the exact solution and that predicted using the paraxial
approximation are relatively small [47].
An inverse Hankel transform can be applied to Eq. (2.26) to get the TH field in
spatial domain,
E(r, z) = 2⇡

Z

1

E(⇢, z)J0 (2⇡⇢r)⇢d⇢.

(2.27)

0

Finally, the TH energy can be obtained through
1
S=
2

2.3.4

r

⇡
⌧G ✏ 0 c
6

Z

1
0

1
2⇡⇢d⇢|E(⇢, z)| =
2
2

r

⇡
⌧G ✏ 0 c
6

Z

1

2⇡rdr|E(r, z)|2 . (2.28)

0

Pulse propagation e↵ects

So far the derivations implied monochromatic input fields. To deal with short laser
pulses and the associated finite spectrum, a similar procedure as for the monochromatic case is followed, except that it is now necessary to consider the coupling of
di↵erent frequency components ⌦ within the extended pulse spectrum that give the
same output frequency.
We leave the details of the derivation to Appendix A and show the final result
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for the TH field E(L, ⌦) at z = L,
✓ ◆
1 9i! 2 (3) iaL/2
aL
E(L, ⌦) =
Le
sinc
2
2⇡ 20 c
2
1
1
Z
Z
0
0
⇥
d⌦ F (⌦ ⌦) d⌦00 F (⌦00 )F (⌦00
1

where a = ⌦

⇣

1
vE

1
vF

⌦0 ),

(2.29)

1

⌘

k , vF (vE ) is the group velocity at the fundamental

(TH) frequency, and ⌦ = $

$0 with $ = 3! and $0 = 3!0 .

Gaussian temporal shape
When the temporal shape of the pulse is Gaussian, the integral in Eq. (2.29) can be
solved analytically to obtain,
✓ ◆
1 9i! 2 (3) iaL/2
aL
E(L, ⌦) =
Le
sinc
2
2⇡ 20 c
2
r
3
2 ln 2 2
2⇡ ln 2 F0
2⌦
⇥ 8⇡ 2
e 3 !p .
3
!p

(2.30)

Here we assumed the following form for the fundamental field in the time domain,
F (t) = F0 e

t2
⌧2
G

,

(2.31)

and in the frequency domain (after performing a Fourier transform),
p
F (⌦) = F0 ⇡⌧G e
where

!p =

p

2
⌦ 2 ⌧G
2

,

(2.32)

p
8 ln 2/⌧G and ⌧G = ⌧p / 2 ln 2, with ⌧p ( !p ) defined as the pulse

duration (spectral width) measured at the full width at half maximum of the fundamental field intensity in the time (frequency) domain.
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2.4

Key features of third-harmonic generation

The purpose of this section is to describe several key features of TH signal generation,
based on the results presented in the previous section.

2.4.1

Third-harmonic generation in a infinitely long medium

When a focused fundamental beam propagates in an infinitely long homogeneous
medium, the generated TH field vanishes due to destructive interference of the TH
waves generated before and after the focus, provided the material exhibits normal
dispersion, see for example [45]. Here, we assume we have a focused Gaussian beam
and use Eq. (2.19), derived in Section 2.3.2,
E(z) =

9i! 2 (3) 3
F0
2c2

Zz

1

dz

0

e
(1

i k z0

iz 0 /z0 )

2

z ! 1

!

0.

(2.33)

Figure 2.4 shows a plot of the TH signal as a function of the wave-vector mismatch
k

= 3k

 = 6⇡(n

⌘)/ for a focused fundamental beam propagating in an

infinitely long homogeneous medium. The nonlinear polarization is unable to couple

Figure 2.4: TH signal as a function of the wave-vector mismatch k = 3k  for a
focused fundamental beam propagating in an infinitely long homogeneous medium.
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efficiently to the generated wave unless a positive wave-vector mismatch,

k > 0, is

introduced to compensate for the Gouy phase shift, which is the ⇡ radians phase shift
that any beam experiences in passing through its focus, cf. Section 2.3.2. Because
in normally dispersive materials the index of refraction increases with frequency,
k

< 0, and efficient TH cannot occur. Figure 2.5 shows a series of intuitive

diagrams that illustrate this point.

Figure 2.5: Wave-vector diagrams for TH generation with focused beams containing
an angular spread of wave vectors. (a) For a positive wave-vector mismatch, it is
possible to attain perfect phase matching. (b) For a negative wave-vector mismatch,
efficient TH generation cannot occur.

A convenient way to visualize the value of the integral in Eq. (2.33) is using a
phasor diagram [48], as shown in Fig. 2.6, where the TH field E(z) is plotted in
the complex plane, with z as the running parameter. For a particular z position the
resultant TH field is represented by the vector from the origin to the corresponding
point on the trace. As shown in Fig. 2.6 the TH field created in the negative halfspace

1 < z < 0 is canceled by the TH field created in the positive half-space

0 < z < +1. As a result the integration over the infinite medium yields no TH.
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Figure 2.6: Phasor diagram of generated TH field as a function of position z. For a
particular z position the resultant TH field is represented by a vector from the origin
to the corresponding point on the trace. For an infinitely long homogeneous medium
the integration over the entire space yields no net TH.

2.4.2

Third-harmonic generation from a thin slab

If a slab of a material of thickness D

(. z0 ) is introduced at the focus of the

fundamental beam, with di↵erent linear and/or nonlinear optical parameters, the
TH field E will in general no longer vanish. Figure 2.7 shows the corresponding
phasor diagram for this scenario. The total TH field at infinity does not vanish,
contrary to the case shown in Fig. 2.6 for the infinitely long homogeneous medium.
Instead, the total TH field is a contribution from the TH generated in the medium
surrounding the slab and in the slab.

2.4.3

Third-harmonic generation from an interface

Similarly to the previous case, when the focus of the beam crosses an interface
between two di↵erent semi-infinite materials, the symmetry of the problem is also
broken and the TH fields generated before and after the focus do not cancel each
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Figure 2.7: Phasor diagram of generated TH field as a function of position z. If a
slab of a material of thickness D is introduced at the focus of the fundamental beam,
the TH field no longer vanishes.

other any longer. Figure 2.8 shows the expected TH signal as a function of the
position of the beam focus as it crosses an interface between two di↵erent materials.

Figure 2.8: TH signal as a function of the position of the beam focus as it crosses an
interface between two di↵erent materials.

It is this feature of TH generation that makes THM particularly suited to visu-
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alize interfaces between materials that di↵er in their linear and/or nonlinear optical
properties.

2.4.4

Third-harmonic generation from circularly polarized
illumination

Nonlinear optical processes can be strongly dependent on the state of polarization
of the incident fields and the symmetry properties of the material. A more general
expression for the ith component (i = coordinate axes x, y, z) of the third-order
polarization, which takes into consideration the vector nature of the incident fields
and the tensor nature of the susceptibilities, can be generally written as [45]
(3)

Pi (!o + !n + !m ) = ✏0

X X

(3)
ijkl (!o

+ !n + !m , !o , !n , !m )

(2.34)

jkl (mno)

⇥ Fj (!o )Fk (!n )Fl (!m ),
where the notation (mno) indicates that, when performing the summation over m,
n, and o, the sum !o + !n + !m is held constant, although !o , !n , and !m are each
allowed to vary. If we next consider the case of TH generation (!o = !n = !m = !),
and assume that the incident field does not have a component in the z direction
(Fz = 0), we can write the x component of the third-order nonlinear polarization as
Px(3) (3!) /

(3)
xxxx Fx Fx Fx

+

(3)
xxyy Fx Fy Fy

+

(3)
xyxy Fy Fx Fy

+

(3)
xyyx Fy Fy Fx ,

(2.35)

and similarly for the other components of P (3) (3!).
We next consider the case of a left circularly polarized (CP) input field F =
Fx x̂ + Fy ŷ = F x̂ + iF ŷ. Evaluation of Eq. (2.35) yields
Px(3) (3!) /

(3)
3
xxxx F

⇥

(3)
xxyy

+

(3)
xyxy

+
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The same result given by Eq. (2.36) is obtained if a right CP input field is considered
instead (F = F x̂

iF ŷ).

It turns out that for isotropic media

(3)
xxyy

=

(3)
xyxy

=

(3)
xyyx

=

1
3

(3)
xxxx

[49]. Under

these conditions evaluation of Eq. (2.36) yields
Px(3) (3!) = 0,

(2.37)

consequently, TH generation is not allowed in isotropic media with CP illumination.
As a result, TH generation with CP illumination has great potential as a background
free imaging method to detect material anisotropy [22].
We can understand the previous result based on the selection rules that govern any
nonlinear optical process, which are mainly based on symmetry properties at the most
fundamental levels, such as molecular structures and atomic crystal configurations.
For example, harmonic generation with CP light obeys certain selection rules that
relate the order N of the harmonic generation to the rotational symmetry of the
molecules (see for example [50]). For a CP fundamental wave propagating along the
axis of a crystal or molecule with n-fold rotational symmetry, the allowed orders
for harmonic generation are N = nl ± 1, where l is an arbitrary integer, n

3

represents the symmetry order, and the “+” and “-” sign refer to harmonic generation
of the same or opposite circular polarization state, respectively. For the case of TH
generation with CP light, three left (right) CP quanta are taken from the laser field
while a right (left) CP quantum is added to the TH wave. Here, CP light cannot
generate a TH wave in isotropic media, since the spin angular momentum of light,
which changes by ±4~, would not be conserved in such processes (in contrast to the
case for a tetragonal crystal symmetry).
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Experimental setup and laser
sources
The goal of this chapter is to introduce the two THM setups used for the experimental
work in this thesis. We first introduce the setup used in the experiments involving
the study of aberrations and thin film characterization (Chapters 4, 5, 6 and 7),
followed by a description of the setup used in the characterization of laser-induced
plasmas (Chapter 8).

3.1

Third-harmonic microscope for thin film characterization

The experimental setup of the TH microscope used for the study of aberrations and
thin film characterization referenced throughout Chapters 4, 5, 6 and 7 is shown in
Fig. 3.1. The pulse train from a titanium:sapphire laser oscillator (790 nm, 50 fs,
113 MHz) is focused onto the sample with a focusing optics, FO. The TH signals in
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Figure 3.1: Experimental setup of the TH microscope. DM, dichroic mirror; PMT,
photomultiplier tube; QWP, quarter-wave plate; HWP, half-wave plate; FO, focusing
optics.

reflection and transmission are spectrally filtered and detected with photomultiplier
tubes. Figure 3.2 shows the output spectrum of the titanium:sapphire laser oscillator.
A computer coordinates both raster scanning (x

y plane) of the excitation beam

in the focal plane through a pre-existing optical scanning unit (General Scanning
Inc.), the longitudinal position of the sample holder (z direction) through a stepper
motor, and point-by-point data collection. A quarter-wave plate (QWP) and halfwave plate (HWP) pair is introduced into the beam path to alternate between linear
and circular polarization of the incident beam in the focal plane (see Section 3.1.3
for more details).
It is worth mentioning that for all the experiments performed using this setup
the power was well below the critical power for self-focusing Pcr = 3.77 2 /(8⇡n2 n0 ),
where n0 is the linear refractive index and n2 the nonlinear refractive index [51].
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Figure 3.2: Typical output spectrum of the titanium:sapphire laser oscillator measured after the output coupler with a spectrometer (Ocean Optics USB4000) having
a resolution of 1.5 nm.

3.1.1

Spatial resolution of third-harmonic microscope

We alternated between two di↵erent focusing optics, FO, in the TH microscope.
For the experiments that involved detecting the TH signal in reflection as well as
in transmission, we used an aspheric lens (NA = 0.5, f = 1.5 cm, UV grade fused
silica), transparent at the TH wavelength.
We also used a microscope objective (Leitz Wetzlar, 20X, NA = 0.4) for some
of the experiments where only the TH in transmission was detected. This setup
provided a better spatial resolution (see below).
In scanning microscopy, assuming a Gaussian input beam, we can estimate the
transverse (image plane) resolution to be twice the beam waist w0 (see Appendix B
for derivation),

p
1.6163 2
⇥
p
w0 =
2⇡ ln 2 tan sin

1

NA
n

⇤,

(3.1)

and the longitudinal (perpendicular to image plane) resolution as twice the Rayleigh
range z0 of the beam,
z0 =

n⇡w02

,

(3.2)

37

Chapter 3. Experimental setup and laser sources
where NA is the numerical aperture of the focusing optics. Equation (3.1) was
derived by considering the di↵raction pattern of an infinite plane wave from a circular
aperture and demanding that the transverse coordinate corresponding to the full
width at half maximum (FWHM) of the intensity di↵raction pattern be equal to the
transverse coordinate corresponding to the FWHM of the intensity at the focus of a
Gaussian beam.
To measure the longitudinal resolution experimentally we measured the TH from
an air-fused silica interface while scanning the sample (thickness

z0 ) longitudinally

through the beam focus. Figures 3.3 (a) and (d) show the results for the aspheric
lens and microscope objective, respectively. The full width at half maximum of
such a longitudinal scan, FWHM3!,z , can be related to the Rayleigh range of the
pp
corresponding fundamental Gaussian beam through z0 = (2
2 1) 1 FWHM3!,z ,
cf. Appendix C.

To measure the transverse resolution experimentally we took a TH image of a
sharp gold edge, obtained a profile from such an edge, and fitted this to a function
p
of the type a[1 + erf(2 ln 2(x b)/FWHM3!,r )] + c, cf. Appendix D, from which we
obtained the full width at half maximum of the TH distribution, FWHM3!,r . Here,
a, b, and c are fitting parameters. FWHM3!,r can be related to the beam waist of
p p
the fundamental Gaussian beam by w0 = FWHM3!,r 3/ 2 ln 2. Figures 3.3 (b)
and (e) show the TH images of the gold edge, and Figs. 3.3 (c) and (f) show the
corresponding profiles, for the aspheric lens and microscope objective, respectively.
Here, 1 pixel = 0.12 µm and 1 pixel = 0.099 µm for the aspheric lens and microscope
objective images, respectively.
For the aspheric lens, using NA = 0.5,

= 787 nm, and n = 1, we get from

Eqs. (3.1) and (3.2) 2w0 = 1.4 µm and 2z0 = 4.1 µm. Experimentally, we obtain
2w0 = 4.4 µm and 2z0 = 17.4 µm.
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Figure 3.3: Longitudinal resolution of the (a) aspheric lens and (d) microscope objective obtained from a longitudinal scan of an air-fused silica interface. Transverse
resolution of the (b), (c) aspheric lens and (e), (f) microscope objective obtained
from a TH image of a sharp gold edge and corresponding profiles. Here, 1 pixel
= 0.12 µm and 1 pixel = 0.099 µm for the aspheric lens and microscope objective
images, respectively.

For the microscope objective, using NA = 0.4,

= 787 nm, and n = 1, we get

from Eqs. (3.1) and (3.2) 2w0 = 1.9 µm and 2z0 = 7.2 µm. Experimentally, we
obtain 2w0 = 3.2 µm and 2z0 = 10.9 µm.
Practically, since at the entrance aperture of the focusing optics we have a Gaussian beam with a finite diameter, the e↵ective NA of the focusing optics is diminished,
which explains why the experimentally obtained values for 2w0 and 2z0 are larger
than the predicted ones. For the microscope objective the diameter of the entrance
aperture equals twice the beam waist (10 mm). The aspheric lens has a larger diameter (15 mm) which explains the decrease in resolution. It is possible to model
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Table 3.1: Measured transverse and longitudinal resolution, largest field of view
obtainable by the TH microscope, and corresponding pixel size, for the microscope
objective (NA = 0.4) and UV aspheric lens (NA = 0.5).
Focusing optics
2w0 (µm)
Microscope objective
3.2
UV aspheric lens
4.4

2z0 (µm)
10.9
17.4

field of view (µm)
102 ⇥ 102
127 ⇥ 127

pixel size (µm)
0.4
0.5

more accurately the beam diameter of the input beam at the focus, 2w0 . This would
involve taking into account beam clipping at the entrance aperture of the focusing optics, and subsequent propagation to the focal plane in the spatial frequency
domain.

3.1.2

TH imaging

TH images, in transmission and reflection geometries, are obtained point-by-point, by
scanning the focus of the excitation beam in the focal plane of the sample through a
pre-existing optical scanning unit (General Scanning Inc.). TH signals are spectrally
filtered and detected with photomultiplier tubes. The TH images are reconstructed
using computer software [52]. Lock-in detection is not used in this case. Each image
is 256 ⇥ 256 pixels in size. The integration time per pixel is ⇡ 0.4 ms. The size
of each pixel depends on the total field of view scanned and on the focusing optics
used. Table 3.1 shows, for the NA = 0.4 microscope objective and the NA = 0.5
UV aspheric lens, the experimentally obtained transverse and longitudinal resolution
(see previous section), the largest field of view obtainable by the TH microscope, and
the corresponding pixel size. The field of view can be adjusted using the computer
software. The TH images shown in this thesis (Chapter 6) are the result of averaging
a series of 10 images and subtracting the background. The background image is
taken by placing a 1-mm BK7 cover slip, highly absorptive at the TH wavelength,
in front of the detection PMT. For the images taken with LP light the background

40

Chapter 3. Experimental setup and laser sources
was negligible. This was not the case for many of the TH images taken with CP, for
which the gain on the PMT was set at its maximum.

3.1.3

Polarization of incident beam

Some of the THM experiments on thin films involved circularly polarized (CP) illumination. As we discussed in Section 2.4.4, TH with CP illumination is not allowed
in isotropic media. For this reason, it is a useful tool for investigating inherent as
well as induced localized anisotropies in thin films, otherwise expected to be highly
isotropic.
Any residual ellipticity in the incident CP input field, can generate an unwanted
background capable of overwhelming the signal of interest. Residual elipticity can
arise as a result of the finite bandwidth of the QWP used. Here we use zero-order
wave-plates (consisting of two crystals cemented together) which exhibit a nearly
achromatic behavior (as opposed to multiple-order wave-plates) having minor polarization errors mainly due to misalignment of the crystal axes.
The goal of this section is to demonstrate that by using a QWP-HWP combination, we can alternate between LP and CP illumination of the incident fundamental
beam in the focal plane, cf. Fig. 3.1, regardless of the initial polarization state.
We write the fundamental field, with an arbitrary polarization state as F =
Fx x
b + Fy yb. To describe the amount of ellipticity of the field we calculate the ra-

tio between the maximum and minimum values of the field modulus, ellipticity
p
= max(|F|)/min(|F|) , where |F| = real(Fx )2 + real(Fy )2 , cf. Fig. 3.4. Practi-

cally, this can be done by using a linear polarizer, such as a polarizing prism, and
measuring the transmitted power as the polarizer angle is rotated. The ratio between
maximum and minimum power measured is the square of the ellipticity. If the field
is CP, the ellipticity = 1. If the field is LP then the ellipticity ! 1.
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Figure 3.4: Ellipticity of an electric field F.

As an example, Fig. 3.5 shows the simulated ellipticity of a field, initially polarized along the x axis, after passing through a series of optical components, as a
function of the QWP angle. Figure 3.5 (a) shows the ellipticity of the field after
passing through a QWP. CP light (ellipticity = 1) is obtained for a QWP angle of
45 , 135 , 225 , and 315 . LP light (ellipticity ! 1) is obtained in between the
CP states. Figure 3.5 (b) shows the ellipticity of the field after passing through a
QWP and a phase retarder. Here we assumed a phase retarder introducing a phase
shift of 10 between Fx and Fy . CP light can still be achieved, the di↵erence with
the example shown in Fig. 3.5 (a) is that the QWP angles for which CP light is
achieved are shifted. Figure 3.5 (c) shows the ellipticity of the field after passing
through a QWP and an optical component introducing an amplitude transformation
A = ↵x x
b ± ↵y yb, with 0 < ↵x,y < 1. In practice, the amplitude transformation can

be due to optical components having di↵erent reflection coefficients for di↵erent polarization states (as is the case for silver mirrors). In this case CP light cannot be
achieved using a single QWP. To calculate the above ellipticities we used well known
matrices [53] describing the optical components of interest and multiplied the initial
electric field by an ordered product of such matrices.
In order to be able to obtain CP light under general experimental conditions, we
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Figure 3.5: Simulated ellipticity of a field, initially polarized along the x axis, as
a function of QWP angle, after passing through (a) a QWP, (b) a QWP and a
phase retarder, and (c) a QWP and an optical component introducing an amplitude
transformation.

can use a QWP-HWP pair. Figure 3.6 (a) shows the ellipticity of a field, initially
polarized along the x axis, after passing through a perfect HWP, a perfect QWP,
a component introducing an amplitude transformation, and a phase retarder, as a
function of the QWP angle. The angle at which the HWP is fixed depends on how
the other optical components in the experimental setup a↵ect the beam. As Fig.
3.6 (a) shows, it is possible to achieve CP light using a QWP-HWP pair. Figure
3.6 (b) shows the measured TH in transmission from a hafnia film on a fused silica
substrate, as a function of the QWP angle, with the angle of the HWP fixed. As
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Figure 3.6: (a) Simulated ellipticity of a field, initially polarized along the x axis,
as a function of QWP angle, after passing through a HWP, a QWP, a component
introducing an amplitude transformation, and a phase retarder. (b) Measured TH
from a hafnia film on a fused silica substrate, as a function of QWP angle. CP light
is achieved twice in the 360 -range of the QWP.

expected from Fig. 3.6 (a), CP light is achieved twice in the 360 -range of the QWP,
with a separation of 180 . Here, we are assuming that the fundamental field is CP
when the TH is a minimum (in this case, over three orders of magnitude smaller
than when the fundamental field is LP).
Figure 3.7 (a) shows the ellipticity of a field, initially polarized along the x axis,
after passing through a perfect HWP, a perfect QWP, a component introducing an
amplitude transformation, and a phase retarder, as a function of the HWP angle.
As Fig. 3.7 (a) shows, CP light is achieved four times in the 360 -range of the HWP.
Figure 3.7 (b) shows the measured TH in transmission from a hafnia film on a fused
silica substrate, as a function of the HWP angle, with the angle of the QWP fixed.
As expected from Fig. 3.7 (a), CP light is achieved four times in the 360 -range of
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the HWP, with a separation of 90 .

Figure 3.7: (a) Simulated ellipticity of a field, initially polarized along the x axis,
as a function of HWP angle, after passing through a HWP, a QWP, a component
introducing an amplitude transformation, and a phase retarder. (b) Measured TH
from a hafnia film on a fused silica substrate, as a function of HWP angle. CP light
is achieved four times in the 360 -range of the HWP.

3.2

Third-harmonic microscope for laser-induced
plasma characterization

The experimental setup of the TH microscope used for the characterization of laserinduced plasmas referenced throughout Chapter 8 is shown in Fig. 3.8. The pulse
train from a titanium:sapphire chirped-pulse-amplification laser system providing
40-fs, 800-nm pulses, with energies of 2 mJ, at a 1-kHz repetition rate was used.
The pulse to pulse energy variations of the laser were ⇠ 2%. Figures 3.9 (a) and
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Figure 3.8: Schematic diagram of the experimental setup to measure TH generation
by a probe pulse intersecting transversely a pump pulse produced plasma. L1, L2,
L3, lenses; BS, beam splitter; DM, dichroic mirror; A, variable attenuator; P, prism;
PMT, photomultiplier tube.

(b) show the output spectrum right after the titanium:sapphire laser oscillator and
the amplifier, respectively. The output from the amplifier was split into a pump
and a probe pulse. The pump pulse with an energy of up to 1.5 mJ was focused
using a lens L1, generating a plasma in air. The beam waist of the probe pulse
after passing through lens L2 intersected the plasma transversely. The beam waist
of the probe was determined through a knife-edge measurement. The time delay
between the pump and probe pulses was adjusted using an optical delay line. The TH
signal generated by the probe beam was filtered from the fundamental using dichroic
mirrors, a prism, and an interference filter, and was detected by a photomultiplier
tube (PMT). The background signal (measured when blocking the pump beam),
originating from scattered fundamental light, was subtracted from the measured TH
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Figure 3.9: Typical output spectrum of the (a) titanium:sapphire laser oscillator and
(b) amplifier [54]. The center wavelength of the amplified pulse is shifted (red, or
Stokes shifted) due to the titanium:sapphire crystal having a peak gain at a longer
wavelength.

signal. For a time delay of 30 ps the signal-to-background ratio was ⇠ 100 : 1.
For all the experiments performed using this setup the probe power was always
well below the critical power for self-focusing in air Pcr = 3.77 2 /(8⇡n2 n0 ), where n0
is the linear refractive index and n2 the nonlinear refractive index [51].

3.2.1

Spatial resolution of third-harmonic microscope

In this section we show experimental measurements for the longitudinal and transverse resolution of the probe beam. Here we show the results for a focusing lens L2 of
f = 6 cm. Similar measurements were performed when di↵erent focal length lenses
were used.
To measure the longitudinal resolution of the TH generating probe we performed
a longitudinal scan of the beam focus across a 150

µm thick fused silica slab

and measured the TH signal, see Fig. 3.10. The full width at half maximum of
such a longitudinal scan, FWHM3!,z , can be related to the Rayleigh range of the
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corresponding fundamental Gaussian beam through z0 = (2
cf. Appendix C. We obtain z0 = 153 µm.

pp

2

1) 1 FWHM3!,z ,

Figure 3.10: Longitudinal resolution of the TH generating probe obtained from a
longitudinal scan of a 150 µm thick fused silica slab (the fundamental probe beam
was focused with an f = 6 cm lens).

To measure the transverse resolution experimentally we performed knife-edge
measurements at several z positions around the focus of the probe. Figure 3.11 (a)
shows one such measurement. The solid line shows a fit to an error function, cf.
Appendix D, from which we obtained the beam radius w(z). Figure 3.11 (b) shows
the beam radius as function of the longitudinal distance z. The solid line is a fit
p
to w(z) = M w0 1 + (z/z0 )2 , where the parameter M is a measure of the Gaussian
beam quality. For an ideal Gaussian M = 1. From the fit we obtain M = 1.25 and
w0 = 6.2 µm.

48

Chapter 3. Experimental setup and laser sources

Figure 3.11: Transverse resolution of the TH generating probe when the probe was
focused with an f = 6 cm lens. (a) Knife-edge measurement for a z position ⇡
800 µm away from focus. (b) Beam radius as a function of z.
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E↵ect of spherical aberration on
the third-harmonic signal
Spherical aberration is an unavoidable e↵ect that results from focusing through a
dielectric slab with high NA microscope objectives. Spherical aberration can cause
a reduction of the peak intensity, a shift of the focal point, and an elongation of
the focus region along the optical axis [55], as illustrated in Fig. 4.1. Microscope

Figure 4.1: Schematic diagram showing the e↵ect of spherical aberration.

objectives can be designed to be used with a cover glass of fixed thickness and
refractive index, so this e↵ect can be compensated for. Some objectives have a
correction collar that allow for the adjustment of cover glass thickness variations
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which can result in significant image deterioration. However, spherical aberration
can occur if a cover glass of nonstandard thickness or refractive index is used. Other
methods have been suggested that can improve the quality of images a↵ected by
spherical aberration via imaging post-processing, for example, through the insertion
of a suitably designed phase plate in the pupil of an imaging system [56].
The goal of this chapter is to analyze the influence of spherical aberration on TH
generation. Because of the cubic dependence of the TH signal on the intensity of the
incident fundamental field, this e↵ect can be rather significant.

4.1

Spherical aberration introduced by a slab of
dielectric material and its e↵ect on the thirdharmonic signal

Because a focused fundamental field contains an angular spread of wave vectors, it is
possible to decompose it into plane-wave components, as was done in Section 2.3.3.
Figure 4.2 shows one such component as it propagates through a dielectric slab of
thickness t. The phase error introduced by the slab, , can be shown to take on the
form [57]
=
=

2⇡
2⇡

t(nb cos ✓b
t(nb



na cos ✓a )

na ) 1 + 2

na 2
n2
s + 2(nb + na ) a3 s4 + · · · ,
nb
nb

(4.1)

where s = sin ✓a /2. Here, the term proportional to s2 represents defocusing (the shift
of the focal plane) introduced by the slab, and the term proportional to s4 represents
primary spherical aberration. We will refer to the latter as the spherical aberration
phase error,

sa .
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Figure 4.2: Propagation of a plane-wave component of the focused fundamental field
through a dielectric slab of thickness t.

Next we express the spherical aberration phase error in terms of the spatial frequency variable ⇢, cf. Section 2.3.3, using the fact that sin ✓a = ⇢/na ,

sa

=

⇡

t(n2b

"
2
n
n2a ) a3 2
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2
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1

2
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#
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(4.2)

As Eq. (4.2) shows, spherical aberration results from the di↵erence in refractive index
between the materials involved, the wave-vector spectrum of the focused beam, and
the thickness of the slab.
In order to take into account the e↵ects of spherical aberration in the TH signal,
the fundamental field in Eq. (2.26) is multiplied by the phase factor e

4.2

i

sa

.

E↵ect of sample thickness and numerical aperture on third-harmonic generation

The experimental setup for THM referenced in this chapter is shown in Fig. 3.1.
We used the pulse train from a titanium:sapphire laser oscillator (790 nm, 50 fs, 113
MHz, linear polarization) and focused it onto the sample with a microscope objective
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of numerical aperture NA. The TH signal in transmission was spectrally filtered and
detected with a photomultiplier tube connected to a lock-in amplifier, synchronized
to the chopping frequency of 415 Hz.
In order to demonstrate the e↵ects of spherical aberration on the TH signal, we
scanned fused silica slabs of di↵erent thickness through the focus of the incident
beam, using microscope objectives with di↵erent NA, and detected the TH using a
photomultiplier tube, as Fig. 4.3 illustrates. The first (leftmost) peak on the TH

Figure 4.3: Diagram of experiment performed to demonstrate the e↵ects of spherical
aberration on the TH signal.

signal distribution, of width FWHM1 and maximum signal TH1 , corresponds to the
first surface encountered by the beam focus, and the second (rightmost) peak on the
TH signal distribution, of width FWHM2 and maximum signal TH2 , corresponds
to the second surface encountered by the beam focus. None of the objectives were
corrected for spherical aberration (cover glass thickness).
Figure 4.4 shows experimental results, along with theory predictions, for 50-µm,
150-µm, and 1240-µm fused silica slabs, using a microscope objective with NA = 0.4.
Figure 4.5 shows experimental results, along with theory predictions, for a 50-µm
and a 150-µm fused silica slab, using several focusing microscope objectives with
di↵erent NA.
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Figure 4.4: TH signal obtained by scanning fused silica slabs of di↵erent thickness
through the focus of the incident beam, for a focusing objective of NA = 0.4.

As Figs. 4.4 and 4.5 show, we find good agreement between experimental results
and model predictions, cf. Sections 2.3.3 and 4.1.
Figure 4.6 shows model predictions for the ratio FWHM1 /FWHM2 and TH1 /TH2
as a function of sample thickness, for NA = 0.4 and NA = 0.65.
From Figs. 4.4, 4.5, and 4.6 we can make the following observations:
1. FWHM1 decreases with increasing NA.
2. FWHM2 increases with increasing sample thickness and NA.
3. The ratio TH1 /TH2 increases with increasing sample thickness and NA.
Because the incident beam, which has a Gaussian spatial profile, only partially
overfills the entrance aperture of the focusing microscope objectives, the e↵ective NA
is smaller than the one quoted by the manufacturer. As a result, the beam waist at
the focus will be larger than the one predicted by Eq. (3.1). In our simulations we
assumed Gaussian beam propagation with a beam waist w0 adjusted so there would
be good agreement between the experimental and simulated results for FWHM1 . It
is important to mention that even though the incident beam is partially clipped,
it is still acceptable to assume Gaussian beam propagation. This is justified since
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Figure 4.5: TH signal obtained by scanning a 50-µm (left column) and 150-µm
(right column) fused silica slab across the focus of the incident beam, using focusing
objectives with di↵erent NA.
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Figure 4.6: Model predictions for FWHM1 /FWHM2 (left) and TH1 /TH2 (right) as
a function of sample thickness, for NA = 0.4 (top) and NA = 0.65 (bottom)

the diameter of the entrance aperture of the focusing optics was equal to the beam
diameter or larger, cf. Section 3.1.1. Furthermore, at the focal region the di↵erences
in the intensity distribution produced by a Gaussian beam and the di↵raction pattern
resulting from an infinite plane wave going through a circular aperture, are found in
the low-intensity wings of the distribution, cf. Appendix B, which make a negligible
contribution to the total TH.
By making a few approximations to Eq. (4.2) we can conclude that the e↵ects of
spherical aberration can be neglected whenever (t )/(10z02 ) ⌧ 1, cf. Appendix E.
One application for which the results presented here are relevant is the determination of

(3)

coefficients, by measuring the TH signal from two interfaces [55].

Figure 4.7 shows a diagram illustrating one such scenario. By scanning the focus
of a fundamental beam through interfaces A and B and comparing the maximum
TH signal obtained from each interface, one can determine the
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value of the un-
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known material, cf. Fig. 4.7, by comparison with model predictions. The extent to
which spherical aberration influences the measured

(3)

will depend on the NA of

the focusing optics and on the thickness of the first two layers (with known

Figure 4.7: Diagram of possible experiment to determine the

(3)

(3)

(3)

).

of a material.

values have been determined before using a similar procedure [55] involving

the measurement of the TH signal from two interfaces and comparing it to model
predictions as done in [19]. Two major assumptions are made in this approach
[55]: first, the phase mismatch is neglected based on the premise that under tight
focusing conditions this is permitted; second, spherical aberration is neglected. The
measured

(3)

values are corrected for spherical aberration e↵ects by measuring the

ratio of TH signals from both surfaces of a cover glass alone (the same one used right
before the material with unknown

(3)

). In our approach we do not make any of

these assumptions, we include both the phase mismatch and the e↵ects of spherical
aberration. The slab thickness must be & Dcoh to avoid interference e↵ects of both
the fundamental and harmonic waves inside the film. Here Dcoh = c⌧coh where ⌧coh
is the temporal coherence of the light source. For a Lorentzian optical spectrum
Dcoh can be written in terms of the bandwidth as Dcoh = c/(⇡ ⌫) =
= 800 nm and

2

/(⇡

). For

= 20 nm we get Dcoh = 10 µm. In Chapter 5 we will describe a

model for TH generation in thin slabs, where interference e↵ects cannot be neglected,
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which can be applied to

(3)

measurements of thin films.

It is important to mention that the application of this approach to other nonlinear
signal generation processes (e.g. four wave mixing) is straightforward.

4.3

Summary

In summary, the influence of spherical aberration on TH generation was analyzed
theoretically and demonstrated experimentally. The dependence of this e↵ect on
sample thickness and the NA of the focusing optics was investigated. The results
presented in this chapter are relevant for applications such as the determination of
third-order nonlinear susceptibilities and quantitative 3D microscopy.
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generation from thin films

Since the introduction of THM [9] this technique has found a broad range of applications including general material characterization [12] and imaging of living biological
cells and tissue [13, 14, 15]. THM is particularly suited to visualize interfaces between materials that di↵er in their linear (refractive index) and nonlinear (third-order
susceptibility

(3)

) optical properties [9].

The interpretation of images of thin samples, for example films or membranes, is
hampered by the fact that the TH signal, often detected in transmission, is a sum
of fields from the layer of interest and the surrounding material within the focal
volume including the substrate. Figure 5.1 shows a phasor diagram for a sample
consisting of a thin film on top of a substrate, with the TH field E(z) plotted in the
complex plane having z as the running parameter (see Section 2.4). As shown in this
example, the contribution from the substrate to the total TH is not negligible. It
has been suggested that by detecting the TH in reflection the contribution from the
substrate could be considerably suppressed [58]. When using this detection geometry,
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Figure 5.1: Phasor diagram of generated TH field as a function of the position z
for a sample consisting of a thin film on top of a substrate. E 0 represents the TH
generated in the film only, while E also includes the contribution from the substrate.

however, special attention has to be paid to the fact that not only forward-generated
TH contributes to the total signal measured, but also backward-generated TH [59]
can have a significant contribution.
The goal of this chapter is to demonstrate the development of a matrix approach
to describe TH generation in stacked materials in the small signal limit, in both
transmission and reflection geometries. The formalism is a straightforward extension
of the matrix algebra used in linear optics to, for example, design multilayer coatings
of mirrors and filters, e.g. [53]. We seek to derive explicit matrix expressions for the
transmitted and reflected nonlinear signals and to show that the results are equivalent
to an approach that is based on matching boundary conditions, e.g. [16, 17]. The
model takes into consideration interference e↵ects of fundamental and nonlinear fields
inside the stack, nonlinear signal generation in forward and backward direction, the
coupling of co- and counter-propagating waves, the contribution from a substrate for
focused beams with cylindrically symmetric spatial beam profiles, and illumination
with ultrashort light pulses. The model is applied to determine third-order nonlinear
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susceptibilities of several oxide films from measurements.
Most of the results presented in this chapter are featured in publications [35, 36].

5.1

Modeling third-harmonic generation from layered materials using nonlinear optical matrices

The first step is to calculate the fundamental fields in each layer (index i) propagating
to the right and left. This can be done using the well-known matrix formalism, see
0
0 T
for example [53], connecting the input vector v 00 = (F0,r
, F0,`
) to vectors of the type

v i = (Fi,r , Fi,` )T within the stack. Here we denote column vectors by an underline,
and use the superscript T to indicate the transpose of the corresponding row vector.
The geometry is sketched in Fig. 5.2.

Figure 5.2: TH generation in a stack of layers on a semi-infinite substrate. TH and
fundamental fields are labeled E and F , respectively. Fields propagating to the right
(r) and left (`) are distinguished in each layer. Fields on the right interfaces are
0
labeled with a prime. The TH fields propagating to the left and right, E0,`
and Er ,
are produced by nonlinear conversion in the film only, while fields ER and ET also
include contributions from the substrate.
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The overall transfer matrix M of a stack of n layers (from 0 to n + 1) is obtained
from an ordered product of 2 ⇥ 2 matrices,
M = Hn+1,n Ln Hn,n
where
Hi,j =

0

1

. . . H2,1 L1 H1,0 ,

1

0

(5.1)

iki di

e
1 @ 1 rij A
and Li = @
tij rij 1
0

0
e

+iki di

1
A

(5.2)

are the interface transition matrix and the matrix describing propagation in layer
i, respectively. Here rij , tij , ki and di are the amplitude reflection and transmission
coefficients of the interface between layers i and j, the wave-vector, and the layer
thickness, respectively.
Using this system matrix, the output vector in the substrate just after the last
layer can be related to the input vector just before the first interface,
0
1 0
10
1
0
Fr
M
M12
F
A = @ 11
A @ 0,r A ,
v n+1 = @
0
F`
M21 M22
F0,`

(5.3)

where Mij are the elements of matrix M. Neglecting reflections at the backsurface
0
of the substrate, F` = 0, F0,`
can be obtained by
0
F0,`
=

M21 0
F .
M22 0,r

(5.4)

The fundamental field amplitude at the left interface of an arbitrary layer i of
the stack can be written as
0
1
Fi,r
A = Hi,i 1 Li
vi = @
Fi,`

1

0

. . . H2,1 L1 H1,0 @

0
F0,r
0
F0,`

1

A,

(5.5)

0
0
where F0,r
is the incident fundamental field and F0,`
is given by Eq. (5.4).

In the second step we calculate the TH field that is produced by the fundamental
field in the stack. To this end we first formulate optical matrices for the TH field
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0
0
that relate an input vector w00 = (E0,r
, E0,`
)T to the TH field in the substrate wn+1 =

(Er , E` )T , see Fig. 5.2, assuming no TH generation. The overall transfer matrix M
for the stack,
M = Hn+1,n Ln Hn,n

1

. . . H2,1 L1 H1,0 ,

(5.6)

is defined in terms of transition and layer matrices analogous to Eq. (5.2) now using
the corresponding reflection, transmission, and propagation coefficients for the TH
field ⇢ij , ⌧ij , and i , respectively,
0
1
0
1
ii di
e
0
1 @ 1 ⇢ij A
A.
Hi,j =
and Li = @
+ii di
⌧ij ⇢ij 1
0
e

(5.7)

To add TH generation we assume small signal conversion and neglect pump depletion. The TH field at the right boundary of layer i is related to the field on the
left boundary through
0
Ei,r
= Ei,r e

where

ii di

+

Ei,r ,

(5.8)

Ei,r is the TH field component propagating to the right produced in this

layer. A similar relationship applies to the left-propagating fields. We will calculate
Ei,r and

Ei,` later.

Using the propagation matrix Li for layer i the TH fields at opposite sides of the
layer are related by
0
1
0
1
0
E
E
@ i,r A = Li @ i,r A +
0
Ei,`
Ei,`

i.

(5.9)

The last term is a vector with the left and right propagating components of the TH
field generated in this layer,

i

= ( Ei,r ,

Ei,` eii di )T .

Repeating this procedure starting from the field on the left side of the stack, w00 ,
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yields for the field in the final medium (substrate)

wn+1 = Hn+1,n Ln Hn,n

1

. . . L1 H1,0 w00

+

Hn+1,n Ln Hn,n

+ Hn+1,n Ln Hn,n

1

. . . L3 H3,2

+

...

2

+

1

. . . L3 H3,2 L2 H2,1

Hn+1,n

n.

1

(5.10)

Equation (5.10) represents a system of two linear equations for the unknown TH
0
0
field components Er and E0,`
with E0,r
and E` being given. It can be rewritten so

that the unknown fields appear on the left-hand side
0

1

1

0

1
⇥
A

E
1
0
1
1
@ r A = H0,1 L1 @
1 + H1,2 L2
2 + . . . + H1,2 L2 . . . Hn
1
1
1
0
M11
E0,`
M21 M11
0
10
1
1
0
M12
E
1 @ 1
A @ 0,rA,
+
1
M11 M211 M111 M221 M121 M211
E`
where Mij 1 is the element (i, j) of matrix M

1

, and Li

1

1,n Ln

1

n

(5.11)

is the inverse of the

0
propagation matrix for layer i. We will assume a situation where E0,r
= 0 (no

incident TH field) and E` = 0. The latter field will be accounted for later and
represents the TH field generated in backward direction by the fundamental field
propagating in the forward direction in the substrate. Under these conditions the
last term in Eq. (5.11) can be neglected. The interpretation of the resulting equation
is straightforward. Each element of the sum represents the TH produced by a stack
where only one layer has a nonzero

(3)

.

We will now derive the generated TH field

i

from the known fundamental field

v i , cf. Eq. (5.5). At each position z in the layer a fundamental field F propagating for example in the +z direction produces a third-order nonlinear polarization,
proportional to the total fundamental field cubed, which acts as the source of field
components at the TH frequency, propagating in both forward and backward directions. The generating wave equation, see Eq. (2.11), for the TH field produced in
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layer i, and traveling in the +z direction
@

i,r

@z

e

ii (z zi )

Ei,r =

(3)
9i! 2 i ⇥
Fi,r e
2i c2

=

iki (z zi )

i,r e

ii (z zi )

+ Fi,` eiki (z

, is given by,

⇤
zi ) 3

,

(5.12)

where we assumed small signal conversion, plane waves, a monochromatic fundamental field, and applied the slowly varying amplitude approximation. Integrating
Eq. (5.12) over the layer thickness yields the TH propagating to the right at the right
layer boundary,

Ei,r =

9i! 2

2
+ 3Fi,r
Fi,` e

where

⇢
3
Fi,r
e
✓
di
sinc

(3)
ii di
i di e
2i c2
i

i
2

ki⌥ = 3ki ⌥ i (

⌥
i
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◆
✓ + ◆
i k + di
ki d i
ki d i
i
3 +
2
sinc
+ Fi,` e
sinc
2
2
◆
✓ + ◆
+
i
d
i i
i di
i di
2
2
+ 3Fi,r Fi,`
e
sinc
, (5.13)
2
2
i

k di
i
2

= ki ⌥ i ) is the wave-vector mismatch for the forward

(-) and backward (+) generated TH resulting from the mixing of co- (counter-)
propagating fundamental fields in layer i. Here Fi,r and Fi,` are given by Eq. (5.5).
Likewise we obtain the TH field produced in layer i, propagating to the left,

Ei,` =
+

⇢
(3)
9i! 2 i di
3
e
Fi,r
2i c2
2
3Fi,r
Fi,` e

i

+d
i i
2

i

k + di
i
2

✓
sinc

✓ + ◆
✓
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i k di
ki d i
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3 +
2
sinc
+ Fi,` e
sinc
2
2
✓
◆
+ ◆
i
d
di
i i
i di
i
2
2
+ 3Fi,r Fi,` e
sinc
. (5.14)
2
2

Equations (5.10), (5.13) and (5.14) determine the TH field in the substrate and
incident medium as a function of the incident fundamental and TH, if present.
The obtained TH fields, cf. Eq. (5.11), agree with [17] although we followed
a rather di↵erent line of thought. The approach used in [17] involves solving the
generating second-order di↵erential wave equation, by finding solutions to the inhomogeneous equation (bound waves), and solutions to the homogeneous wave equation
(free waves), which are needed to satisfy the boundary conditions. We make use of
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the slowly varying amplitude approximation to convert the generating wave equation from a second-order di↵erential equation to a first order di↵erential equation, cf.
Eq. (5.12), and solve the problem via integration. However, as explained in section
2.3.1, the physical implication of this approximation is in neglecting the oppositely
propagating field generated by the nonlinear polarization. It can be shown [46] that
solving the first order di↵erential equation for both the right- and left-propagating
fields, is equivalent to solving the second-order di↵erential equation, as done in [17].
Our approach is an intuitive extension of the optical matrices in linear optics found
in textbooks and can easily be extended to include substrate e↵ects and short pulse
excitations, see below.
For the particular case of a single layer film of thickness D, using Eqs. (5.11),
0
(5.13) and (5.14), the unknown TH fields Er and E0,`
take on the form,

Er =
+
+
+
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+
k1 D h
3
H⌧12 e
e
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1 ⇢01 r12
e i k1 D
2
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e
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r12 e
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2
✓
◆h
i
i
+
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e
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and
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⇢
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where
9i! 2
H=
21 c2 (1 + ⇢01 ⇢12 e

(3)
0 3
1 D(t01 F0,r )
.
2i1 D )(1 + r r e 2ik1 D )3
01 12

(5.17)

Depending on the reflection coefficients at the film interfaces, some of the terms in
Eqs. (5.15) and (5.16) can be neglected.
We now include the contribution from the substrate to the total TH from a stack
of films detected in transmission (ET ) and reflection (ER ). If the substrate is thin we
can just consider it as an additional layer and include it in the stack matrix. For thick
substrates beam divergence and propagation e↵ects cannot necessarily be neglected.
For simplicity we will assume that the fields reflected at the substrate’s output face
do not contribute to the total TH field. Experimentally this can be accomplished in
several ways - (i) using a wedge-shaped substrate, (ii) having the output face of the
substrate properly AR coated, or (iii) using index matching oil opaque for the TH
for detection in reflection geometry. Also, for thick enough substrates, because of
beam divergence the coherent overlap of the reflected TH with the field in the stack
is poor and can be neglected.
TH generation in the presence of di↵raction can conveniently be done in the
spatial frequency (⇢) domain as shown in Section 2.3.3. The transmitted TH field
ET is the sum of the field produced in the film, Er , multiplied by the spatial frequency
spectrum and the Fresnel propagator, and the field produced in the substrate:
3
2
ZL
2
⇡w
2
2
2 2 2
ET (⇢) = ⌧n+1,04 0 e ⇡ w0 ⇢ /3 eia⇢ L Er b dzPn+1 (⇢, z)e i kn+1 z eia⇢ (L z) 5, (5.18)
3
0

where a = 2⇡ 2 /n+1 , b = (9i! 2

(3)
2
n+1 )/(2c n+1 ),

kn+1 = 3kn+1

n+1 is the wave-

vector mismatch of co-propagating fundamental and TH waves in the substrate,
and Pn+1 (⇢, z) = HT{F 3 (r, z)} is the Hankel transform of the source term in the
substrate. The fundamental field after the stack of films subject to Fresnel di↵raction
is then F (⇢, z) = Fr ⇡w02 e

⇡ 2 w02 ⇢2 ia⇢2 (z D)

e

.
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Considering that for moderate focusing conditions (NA . 0.4) the overall phase
mismatch di↵erence of on-axis and o↵-axis spatial frequency components is much
smaller than ⇡, we can neglect the ⇢ dependence of the phase of fundamental and
harmonic fields introduced by the film. The latter implies that for each spatial frequency component ⇢ the thin film response is that for a plane wave incident normally.
An experimental test that supports this conclusion measured TH generation in an
isotropic material as a function of the input polarization using NA = 0.4 focusing
optics, cf. Fig. 3.6. For plane waves one expects zero TH for circular polarization
of the fundamental, see Section 2.4.4. The observed signal under our focusing conditions was close to zero. The residual TH was mainly a result of the finite bandwidth
of the quarter-wave plate used. For stronger focusing the film response needs to be
calculated for each ⇢ yielding the spatial frequency spectrum in transmission and
0
reflection geometry at the boundary faces of the film stack, Er (⇢) and E0,`
(⇢), re-

spectively. Such an analysis would also permit the exact tracing of the polarization
components of the TH, which in the current approach was assumed to be transverse
to z and parallel to the polarization of the fundamental wave.
A similar procedure is used for the backward-generated TH in the substrate to
obtain the total TH field ER propagating to the left in the incident medium. The
field ER (⇢) is the sum of the TH produced in the stack of films and the backwardgenerated TH in the substrate, and transmitted through the film:
⇡w02
ER (⇢) =
e
3

⇡ 2 w02 ⇢2 /3

0
E0,`
+ b Tn+1,0

ZL

dzPn+1 (⇢, z)e

+
i kn+1
z ia⇢2 (D z)

e

,

(5.19)

0

where

+
kn+1
= 3kn+1 + n+1 is the wave-vector mismatch of fundamental and TH

waves for the backward-generated TH in the substrate. The factor Tn+1,0 = M221
M121 M211 /M111 is the overall transmission coefficient for TH fields, from layer n + 1
(substrate) to layer 0.
To extend this model to illumination with short laser pulses the finite pulse

68

Chapter 5. Characterization of third-harmonic generation from thin films
spectrum has to be taken into account in the TH generation process, as was done in
Section 2.3.4. To this end we start with the generating wave equation [60] for the
fundamental and TH pulse envelopes propagating in the forward direction with the
group velocities vF and vE , respectively (details can be found in Appendix A):
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which can be simplified by performing a coordinate transformation to a retarded
frame of reference,
z
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1
3

. Equation (5.22) can be

solved by integrating with respect to the variable ⇠ and performing a Fourier trans-
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form with respect to ⌧ to get,
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⇠. We next use the fact that the Fourier transform of

the product of two functions is the convolution of the Fourier transforms of each
individual function, as given by Eq. (A.9),

FT{g(q) · f (q + a)} =

Z1

d⌦0 g(⌦0 )f (⌦

⌦0 )ei(⌦

⌦0 )a

,

(5.25)

1

Here we are assuming that one of the functions is translated with respect to the other
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(as is the case with Fi,r and Fi,` ). Using Eq. (5.25) we can rewrite Eq. (5.24) as,
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⇥
⇤
= ⌦ vE 1 + vF 1 ⌥

The frequency variable ⌦ is the conjugate variable of ⌧ . The left- and rightpropagating fundamental field components F (⌦) at a particular frequency ⌦ in
Eq. (5.26) are obtained from Eq. (5.5) and the known field spectrum F (⌦) of the
incident pulse.

A similar procedure is followed to obtain the TH field produced in layer i, propagating to the left. Equation (5.11) can then be used to determine the resultant
0
TH field at frequency ⌦ in the substrate (Er ) and incident medium (E0,`
), and
R
|E(⌦)|2 d⌦ yields the TH power.
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5.2

Third-harmonic generation measurements of
single-layer films

A schematic diagram of TH signal generation and detection for single layer films
0
is depicted in Fig. 5.3. A laser beam (incident electric field F0,r
) is focused onto

a film (medium 1) deposited on a substrate (medium 2) and the TH signals are
detected in transmission (T) and reflection (R) geometry after appropriate filtering
0
using photomultiplier tubes. The TH fields propagating to the left and right, E0,`

and Er , are produced by nonlinear conversion in the film only while the fields ER
and ET also include contributions from the substrate.

Figure 5.3: Third-harmonic generation in a thin film (1) on a semi-infinite substrate
0
(2) in reflection and transmission from an incident fundamental field F0,r
.

The experimental setup for THM referenced throughout this chapter is shown
in Fig. 3.1. We used the pulse train from a titanium:sapphire laser oscillator (790
nm, 50 fs, 113 MHz) and focused it onto the sample with a UV aspheric lens (NA
= 0.5). The samples were scanned through the focus of the incident beam and the
TH signals in reflection and transmission were spectrally filtered and detected with
photomultiplier tubes connected to lock-in amplifiers, synchronized to the chopping
frequency of 415 Hz. The results presented here are based on the maximum TH
obtained from the longitudinal scans. The experiments shown in this chapter were
performed with linear polarization.
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Several high quality dielectric films (highly uniform and with scattering well below
1%) on fused silica were studied including Hfx Si1 x O2 ternary oxides with di↵erent
composition x [61]. Figure 5.4 shows the refractive index at the fundamental ( = 790
nm) and TH ( = 263 nm) wavelengths, the bandgap, and the geometrical thickness
of the film as a function of the HfO2 content in the sample. The optical thickness
corresponded to half-wave layers at 1064 nm.

2.0
6
1.5 (a)
0

0.5
x

bandgap (eV)

n

7

thickness (nm)

2.5
340

300

260

1

(b)
0

0.5

1

x

Figure 5.4: Thin film sample specifications. (a) Refractive index at the fundamental,
F = 790 nm, (crosses) and TH, E = 263 nm, (diamonds) wavelengths, bandgap
(triangles), and (b) geometrical thickness (circles) of the films as a function of x.
The data were taken from reference [61].

5.2.1

Third-harmonic in transmission and reflection

The TH signal was recorded while the samples were scanned longitudinally (z direction) through the focus of the incident beam, which was realized by mounting the
samples on a computer-controlled motorized translation stage. The results presented
here represent the maximum TH obtained from the longitudinal scans. The measurement results in transmission and reflection are shown in Fig. 5.5 as a function
of composition x in the Hfx Si1 x O2 films.
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TH energy (a.u.)
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Figure 5.5: Measured TH signal from Hfx Si1 x O2 films sputtered on fused silica as
a function of x. For x = 1 the signal in transmission was about 20 times larger
than that in reflection, which was also predicted by the model. The Hfx Si1 x O2 films
represented half-wave layers at 1064 nm.

As the HfO2 content in the samples decreases the contribution from the substrate
to the transmitted TH becomes more important, until, for the sample with lowest
HfO2 content (1.6%), the detected signal matches to within a few percent the TH
generated from the substrate (fused silica) alone, cf. Fig. 5.5. Roughly speaking,
the contribution from the substrate to the total TH detected in transmission can
be neglected if (

(3) 0
(3)
1 d )/( 2 z0 )

1, where the products (

(3) 0
1 d)

and (

(3)
2 z0 )

are

an approximate measure of the magnitude of the signal generated in the film and
substrate, respectively. Here d0 is the smaller of the film thickness and the coherence
length for forward TH generated in the film. This is the desirable parameter range
for THM of, for example, thin cell samples on substrates, since the TH signal mainly
originates in the layer of interest.
The contribution of the substrate to the measured TH is considerably reduced
when detecting in reflection and can safely be neglected for the ternary oxide films
if x

0.2. In more general terms, if (

dominates, where the products (

(3)
1 z1 )

(3)
(3)
1 z1 )/( 2 z2 )
(3)
and ( 2 z2 ) are
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the magnitude of the signal generated in the film and substrate, respectively. Here
z1 (z2 ) is the bigger (smaller) of d0 ⇢12 (Rayleigh range) and the coherence length for
backward TH generated in the film (substrate). The coherence length for forward
(-) and backward (+) TH generated in the film is d⌥
coh =

/6/(n2 ⌥ ⌘2 ). This

condition assumes that forward TH generated in the substrate and reflected at the
substrate’s backsurface does not contribute to the measured signal. To ensure this
in the experiment, we placed our samples (film on 1-mm substrates) on fused silica
blocks, using index matching oil opaque at 266 nm. Any forward TH generated
in the substrate that could potentially get reflected at the substrate’s backsurface
is absorbed by the oil. To test this technique, we measured in reflection the TH
from bare fused silica substrates of varying thickness and found the signal to be
thickness-independent. This is as expected when assuming that only backward TH
is detected.

5.2.2

Determination of nonlinear optical susceptibilities

(3)

Owing to the suitability of THM for material characterization [12], several studies
have dealt with the problem of determining

(3)

of materials from TH measurements.

There are two common ways of doing this. The first one involves comparing the
measured and simulated ratio of TH generated from two interfaces, involving a layer
of a material with unknown

(3)

, e.g. [19, 20]. The second one entails measuring the

absolute TH conversion efficiency, and comparing it to the predicted value, assuming
the TH from the materials surrounding the layer of interest can be neglected [21].
Among these studies, some have considered the importance of multiple reflections
of fundamental and TH waves inside the film [18, 16] for the case of incident plane
waves. Unlike our approach, none of these references included the contribution from
the substrate to the total forward and backward-generated TH for focused beams, in
addition to considering interference e↵ects inside the film. Failure to include these
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e↵ects can result in large errors in the simulated TH and thus in the estimated

(3)

values (see Sections 5.2.3 and 5.2.4 below).
Here we use the model presented in Section 5.1 to determine (3) values of films by
R
comparing the measured TH power in transmission, |ET (⇢)|2 ⇢ d⇢, to that obtained
from the substrate alone for which the third-order susceptibility is known. Because

of the short interaction length and moderately short pulses we can neglect dispersive
e↵ects and apply the model introduced in section 5.1 assuming a monochromatic
input fundamental.
The retrieved nonlinear susceptibilities, normalized to that of the fused silica
substrate |R12 | = |

(3)
(3)
1 / 2 |,

are plotted in Fig. 5.6 as a function of the bandgap
(3)
1 | of fused
(3)
2 | values for

Eg of the film. The results are summarized in Table 5.1. The known |
silica, 2.0 ± 0.2 ⇥ 10

22

m2 /V2 [62], can be used to obtain numerical |

the films. The bandgap energy Eg of the films was always greater than the 3-photon

HfxSi1−xO2

20

Al2O3

|R12|

15

Sc2O3
SiO2

10
5
0
5.5

6

6.5

7
Eg (eV)

7.5
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Figure 5.6: Measured ratio of third-order susceptibility of film and fused silica substrate as a function of the bandgap of the film material. The solid line is from a
model explained in the text.

energy of the incident field, 3h⌫ < Eg , cf. Table 5.1. By estimating the response time
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Table 5.1: Measured third-order susceptibilities of dielectric films normalized to that
(3)
(3)
of the fused silica substrate, |R12 | = | 1 / 2 |, for = 790 nm.
Material
2d(nm) n
⌘ Eg (eV) |R12 |
Al2 O3
100
1.76 1.83
6.2
8.2
Sc2 O3
206
1.97 2.22
5.7
17.8
HfO2
267
2.09 2.30
5.6
20.9
Hf0.66 Si0.34 O2
293
1.86 2.00
5.9
9.5
Hf0.3 Si0.7 O2
326
1.64 1.72
6.3
3.2
Hf0.02 Si0.98 O2
354
1.52 1.53
7.5
0.7
SiO2
bulk 1.45 1.50
8.3
1
of the nonlinearity using the virtual lifetime of the transition, ⌧ ⇡ 1/|!

!g | < 1

fs, we confirm the practically instantaneous nature of the response [63].
The solid line in Fig. 5.6 represents results from a simple nonlinear oscillator
model of an atom [45], which relates the third-order nonlinear susceptibility

(3)

of

a material with the resonant frequency !0 of the atom,
(3)

/

(E2g

E23

1
2i~E3 )(E2g

E21

2i~E1 )3

.

(5.27)

Here we assume that the resonant energy of the atom corresponds to the bandgap energy Eg of the material, En = nh⌫, and

is a phenomenological damping coefficient.

This damping term prevents the third-order nonlinear susceptibility from becoming infinite under resonance conditions. Good agreement of model and experiment
was obtained for 2i~En ⌧ E2g

E2n meaning 1/ & 1 fs. The latter is reasonable

considering the o↵-resonant character of the interaction with the wide-gap materials
(3h⌫ < Eg ).

5.2.3

Backward-generated third-harmonic

As a test and to illustrate the e↵ect of various model components, using the values
of |

(3)
1 |

for the Hfx Si1 x O2 films obtained from the transmission data, we calculated
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the TH signal in reflection as a function of x using Eq. (5.19) with and without
taking into account the backward-generated TH in both film and substrate, see Fig.

TH energy reflection (a.u.)

5.7. There is good agreement of model and experimental data only if backward-
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Figure 5.7: Comparison of measured and calculated TH generation in reflection
from Hfx Si1 x O2 films on fused silica substrates shown as a function of x with and
without the backward-generated TH (BTH) taken into account. The calculated TH
is normalized to minimize the mean square deviation with respect to the experimental
data.

generated TH is considered. We measured a ratio of the TH in reflection from a film
with x = 0.016 and an uncoated fused silica substrate of about 1.6. This value agrees
well with what our model predicts and demonstrates the importance of backwardgenerated TH for detection in reflection geometry.
Consequently, when detecting in reflection, the backward TH is not always negligible. In thin films, where the reflected forward and backward components interfere
with each other, varying the film thickness on the order of the coherence length d+
coh
can increase the contribution of the backward component to the total reflected TH
from a few percent to over 100%. When detecting in transmission the backward
component can always be neglected. In bulk materials, the backward TH detected
in reflection is always much smaller than the forward TH detected in transmission
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5.2.4

Thickness dependence of the reflected third-harmonic

Figure 5.8 shows the measured signal in reflection for HfO2 films of di↵erent thickness
and model results using the

(3)

value from Fig. 5.6. Obviously the correct account

of interference is necessary to reproduce the measurements. Only if this is done, the
same

(3)

values (normalized to the value for the fused silica substrate) are obtained

from transmission and reflection data.

Figure 5.8: Measured TH signal in reflection from HfO2 films on fused silica as
a function of film thickness and comparison to the model with and without film
interference e↵ects. The calculated TH is normalized to minimize the mean square
deviation with respect to the experimental data.

5.3

Third-harmonic generation measurements using thin film stacks

As another test to our model, we measured the TH signal in transmission and reflection produced by samples consisting of single films and stacks of films deposited into
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fused silica substrates, cf. Table 5.2. The samples were prepared at Colorado State
University (Dr. Carmen Menoni and her research group) for laser damage studies
and were not tailored for TH generation. The measurement results are shown in Fig.
5.9 along with model predictions based on Eqs. (5.18) and (5.19), for the TH in
transmission and reflection, respectively. For this we used the known value for the

Table 5.2: Thin film samples used in TH measurements in transmission and reflection.
Sample #
Configuration
Thickness (nm)
1
s/HfO2 a
s/102
2
s/HfO2
s/154
3
s/HfO2
s/202
4
s/HfO2
s/405
5
s/HfO2 /SiO2
s/176/164
6 s/HfO2 /SiO2 /HfO2 /SiO2 s/265/95/180/164
7 s/HfO2 /SiO2 /HfO2 /SiO2 s/281/67/173/155
8
s/(HfO2 /SiO2 )8 HfO2 b
s/(100/138)8 100
a

b

Notation s/(HfO2 /SiO2

)n

s = substrate (fused silica)
denotes n pairs of HfO2 /SiO2 layers deposited on substrate.

nonlinear susceptibility of fused silica
used the estimated value of

(3)

(3)

= 4 ⇥ 10

= 2 ⇥ 10
21

22

m2 /V2 [62]. For hafnia, we

m2 /V2 obtained in Section 5.2.2. We

find good agreement between experiment and model predictions. The discrepancies
can be explained from the uncertainty in layer thickness. To illustrate this, using
sample #8 as an example, we varied the thickness of each layer randomly by ±5%
and calculated the TH in transmission and reflection. This was repeated N = 1000
times. We generated histograms with the so obtained results, for the TH in transmission and reflection, which are shown in Figs. 5.10 (a) and (b), respectively. The
number of counts indicate the number of times a TH was obtained in a range given
by the bin size.
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Figure 5.9: Measured (crosses) and calculated (circles) TH signal in (a) transmission
and (b) reflection from samples consisting of single layer films and stacks of films
deposited into fused silica substrates, cf. Table 5.2. The calculated TH is normalized
to minimize the mean square deviation with respect to the experimental data

5.4

Summary

In summary, a matrix approach was presented for TH generation in stacked materials, in both transmission and reflection geometries, that takes into account the
contribution from the substrate to the total generated TH, interference of fundamen-
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Figure 5.10: Histograms of calculated TH in (a) transmission and (b) reflection
assuming an uncertainty in layer thickness of 5% for sample #8, cf. Table 5.2. The
histograms were obtained by varying the thickness of each layer randomly by ±5%
and calculating the TH in transmission and reflection. This was repeated N = 1000
times. The number of counts indicate the number of times a TH was obtained in a
range given by the bin size. The orange line shows the expected TH assuming the
layer thicknesses provided by the manufacturer.

tal and nonlinear fields inside the stack, the nonlinear signal generation in forward
and backward direction, the beam profile of the focused incident beam in the substrate, and the finite spectrum associated with short laser pulses. We applied the
model to determine third-order nonlinear susceptibilities,
from measurements. The bandgap dependence of

(3)

(3)

, of several oxide films

of these dielectric films agrees

with predictions from a simple nonlinear oscillator model. We derived relations involving key parameters such as the nonlinear susceptibilities of film and substrate,
the film thickness, the coherence length for forward and backward TH, the Rayleigh
range of the incident beam in the substrate, and the reflection coefficient at the filmsubstrate interface, to determine when the TH from the film dominates that from
the substrate. TH in reflection can considerably reduce the signal from the substrate
compared to TH in transmission, which is particularly important for THM of thin
structures (e.g. cell membranes) and the determination of nonlinear susceptibilities
of thin films.
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Most of the work presented in this Chapter is featured in publications [35, 36]
and has been presented at a number of conferences including those cited in references
[38, 39, 40, 41].
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Chapter 6
Third-harmonic imaging of
anisotropies in dielectric thin films
THM with linearly polarized (LP) illumination is well suited to detect inhomogeneities in the linear refractive index and nonlinear susceptibility

(3)

in materials,

cf. Chapter 2. As a result, THM is a useful technique to visualize interfaces between
di↵erent materials, a feature that makes it a convenient tool for the inspection of
high quality optical thin films.
In Chapter 5 we presented a model that described TH generation in stacked
materials with LP illumination, in both transmission and reflection geometries. This
model was applied to determine from measurements

(3)

values of several oxide films

and changes in film thickness.
A practical source of contrast in THM originates from the dependence of the
nonlinear polarization on the symmetry properties of the material and the state of
polarization of the incident fields. As explained in Section 2.4.4, TH generation is not
allowed in isotropic media with circularly polarized (CP) illumination. As a result,
TH generation with CP light has great potential as a nearly background free imaging
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method to detect material anisotropy directly. This technique has been shown to
be sensitive to nanoscale anisotropy from individual 10 nm gold nanoparticles as
well as to the residual material strain following 100 mN nanoindentations in fused
silica [23]. Since high quality thin films and their substrates are both expected
to be highly isotropic, TH imaging with CP illumination can be used to detect
localized material anisotropies, either inherent to the film or laser-induced, which
are presumably detrimental to the performance of the film when exposed to highpower laser radiation.
The goal of this chapter is to demonstrate the applicability of THM with both LP
and CP illumination to detect localized anisotropies in high quality optical thin films,
and to determine the existence of correlations between specific parameters related
to the manufacturing of the film, such as annealing and the deposition technique,
and the corresponding TH images. Such correlations make THM a promising tool
for monitoring thin film properties during deposition. This, for example, cannot be
done with more complex measurement techniques such as x-ray or electron-beam
based imaging systems. We also evaluate the utility of THM to characterize laser
damage morphology and compare it to other microscopy techniques.
The TH images shown in this chapter were obtained with the TH microscope
shown in Fig. 3.1. For details on the resolution of the TH microscope and how the
images are obtained refer to Section 3.1.2.

6.1

Third-harmonic microscopy to detect intrinsic
anisotropies in thin films

The study and improvement of high quality optical coatings is important for applications where high laser fluences are needed. The development of high energy
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laser systems is one example in which the availability of optical coatings capable of
withstanding the necessary high laser fluences has become a limiting factor in the
advancement of such systems.
High quality optical coatings are commonly made from dielectric oxide thin films,
owing to their high damage thresholds and quality. There is, however, evidence of the
existence of defects in these coatings. Such defects could be related to the manufacturing of the film, originating from substrate polishing contamination, the presence
of metal-like particles (not fully oxidized), and oxygen deficiencies or surplus, for
example, as depicted in Fig. 6.1. To our knowledge, no one has ever imaged these
defects using traditional microscopy techniques.

Figure 6.1: Diagram illustrating defects present in high quality optical coatings.

Figure 6.2 shows the results from a nanosecond thin film damage competition
which took place at the SPIE Boulder Damage Symposium in 2008 [64]. The samples
tested consisted of 35 high quality optical coatings from 25 companies and institutions, designed to meet the same requirements. A 20⇥ variation in the measured
damage fluences was observed. These results show how important it is to continue
investigating and characterizing damage mechanisms, for the quality improvement
of optical coatings.
Another example of a damage precursor is laser incubation [24], which refers to a
laser-induced material modification that occurs before the optic is visibly damaged.
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Figure 6.2: Results from a nanosecond thin film damage competition at the SPIE
Boulder Damage Symposium [64]. The samples tested consisted of 35 high quality
optical coatings from 25 companies and institutions, designed to meet the same
requirements. A 20⇥ variation in the measured damage fluences is observed.

Because high quality films are expected to display a highly isotropic behavior,
any deviation from pure isotropy represents a potential source of contrast for THM.
These localized anisotropies may be laser-induced (e.g. laser incubation) or inherent
to the film (e.g. related to the manufacturing), but both are likely correlated to the
performance of the film under high power laser radiation.

In this section we use THM to image localized anisotropies present in a 100-nm
nascent hafnia film, deposited by ion beam sputtering on a fused silica substrate. We
use LP and CP illumination, and detect in transmission and/or reflection, cf. Fig.
6.3 (a).
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6.1.1

Third-harmonic imaging with linearly polarized light

Figures 6.3 (b) and (c) show TH images taken with LP illumination, in both reflection
and transmission geometries, respectively, of a 100-nm hafnia film on a fused silica
substrate. We used the UV aspheric lens as the focusing optics, cf. Fig. 3.1.

Figure 6.3: (a) TH images of a 100-nm hafnia film, on a fused silica substrate,
detected in (b) reflection and (c) transmission geometries, with LP illumination.

The TH images with LP light shown in Figs. 6.3 (b) and (c) reveal a structure
comprised of resolution limited spots. Experimentally, we confirmed that the observed structures originate in the film by translating the sample in the x

y plane

and verifying the change in position of the observed features. Additionally, we compared with TH images of the substrate-air interface and found no such structures.
As expected, the TH images in reflection and transmission reveal the same distribution of features. This can be quantified by computing the 2-dimensional correlation
coefficient between both images,
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which was performed using a MATLAB [65] routine, where A and B are matrices
(representing both images), and Ā and B̄ are the mean values of A and B, respectively. We obtain r > 0.5 between the TH images in reflection and transmission.
Because in reflection mode we can neglect the substrate contribution to the total
TH (see Section 5.2.1), the contrast in the TH image in reflection, Fig. 6.3 (b), is
much better than that obtained from the TH image in transmission, Fig. 6.3 (c).
There are several potential sources of contrast that could give rise to the structure
observed in Figs. 6.3 (b) and (c). One example is thickness variations across the
film. The surface roughness from atomic force microscope (AFM) images typical for
such a film is of < 1 nm [66], cf. Fig. 6.4. By making use of our model, Section
5.1, along with the refractive index data and

(3)

value of hafnia, we can conclude

that thickness variations alone cannot explain the contrast seen in the TH images
taken with LP illumination. Furthermore, the spatial scale and features observed in
such an AFM image does not seem to correlate with the structure observed in the
TH images taken with LP light. Another source of contrast that could explain the
observed structure is the presence of localized anisotropy in the film, cf. Eq. (2.35).
Because TH with CP illumination provides a better contrast for imaging this type of
structures, we also took images of this film using CP illumination (see next section).

6.1.2

Third-harmonic imaging with circularly polarized light

Figure 6.5 shows a TH image taken with CP illumination, of a 100-nm hafnia film
on a fused silica substrate. Because the measured TH with CP illumination is much
weaker, we used the microscope objective as the focusing optics, cf. Fig. 3.1, in
order to have a smaller beam waist at the focal plane and thus a larger TH signal.
Therefore, it was not possible to measure the TH in reflection.
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Figure 6.4: Typical AFM image of a hafnia thin film. An RMS of ⇡ 0.7 nm is
measured [66].

Figure 6.5: TH image of a 100-nm hafnia film, on a fused silica substrate, detected
in transmission geometry, with CP illumination.

The TH image with CP light shown in Fig. 6.5 reveals several resolution limited
spots that indicate areas of localized anisotropy, which may be nanoscale and may indicate regions of increased crystallinity or localized stress from the deposition process.
It has been shown that residual stress in the film (as determined from macrostrain
measurements) and the partial pressure of oxygen during deposition, correlate with
the structure observed in TH images of films taken with CP illumination [23]. As in
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the previous section, by both translation of the sample and comparison with images
of the substrate-air interface, we confirm that the observed structures originate in
the film.
The contrast (defined as the relation between the maximum and minimum measured signal) in the TH image taken with CP illumination, cf. Fig. 6.5, is found to be
⇡ 20 times higher than that obtained using LP illumination in reflection geometry,
cf. Fig. 6.3 (b), and ⇡ 70 times higher than that obtained using LP illumination in
transmission geometry, cf. Fig. 6.3 (c).

6.2

Comparison of as grown and annealed thin
films using third-harmonic microscopy

High quality dielectric coatings are usually subjected to annealing treatment, which
involves heating of the film to a certain temperature, in order release stress caused
from the deposition process. We apply the results obtained in Section 6.1 to compare
TH images of as grown (non-treated) and annealed (treated) thin films, deposited
under the same conditions.

6.2.1

As grown versus annealed 100-nm hafnia thin film

We first show an example of a 100-nm hafnia thin film, deposited by ion beam
sputtering. In this example we used the microscope objective as the focusing optics
for the TH images taken with CP illumination. Therefore, only the transmitted TH
was measured. For the TH images taken with LP illumination, we used the aspheric
lens as the focusing optics and show the TH images detected in reflection.
Figures 6.6 (a) and (b) show TH images taken with CP illumination of the as
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grown and annealed hafnia thin film, respectively. Figures 6.7 (a) and (b) show TH

Figure 6.6: TH images taken with CP illumination of an (a) as grown and (b)
annealed hafnia thin film.

images taken with LP illumination of the same samples.

Figure 6.7: TH images taken with LP illumination of an (a) as grown and (b)
annealed hafnia thin film.

In order to quantify the di↵erence in appearance between the obtained images,
we calculate how many pixels p are x% above the average intensity in the image,
cf. Table 6.1. The results obtained using CP and LP illumination indicate a higher
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Table 6.1: Comparison of TH images of an as grown and annealed hafnia thin film.
p = number of pixels that are x% above the average intensity in the image.
TH detection geometry
transmission
transmission
reflection
reflection

Polarization
CP
CP
LP
LP

as grown/annealed
as grown
annealed
as grown
annealed

x (%)
p
10
810
10
275
0.3
18149
0.3
13818

density of local anisotropies for the as grown hafnia film.
Figure 6.8 shows the breakdown threshold as a function of the number of pulses
incident on the same sample site, for an as grown and annealed hafnia film [67].
Although these are not the same films referred to in Figs. 6.6 and 6.7, they were
deposited and treated under similar conditions. As Fig. 6.8 shows, the damage
threshold is lower for the as grown film when the number of pulses is . 10. These
results point to a possible correlation between the density of local anisotropies observed in the TH images and the damage threshold of as grown versus annealed films.

Figure 6.8: Breakdown threshold as a function of the number of pulses incident on
the same sample site, for an as grown and annealed hafnia thin film [67].
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AFM measurements of the surface roughness do not vary significantly between
the as grown and annealed hafnia films. In both cases an RMS of ⇡ 0.7 nm is
measured [66], cf. Fig. 6.4.
Figure 6.9 shows typical x-ray di↵raction measurements for an as grown and
annealed hafnia thin film [68]. No appreciable change is observed with annealing.

Figure 6.9: Typical x-ray di↵raction measurements for an as grown and annealed
hafnia thin film [68].

6.2.2

As grown versus annealed 300-nm yttria thin film

In this example we used the aspheric lens as the focusing optics for the TH images
shown. Figures 6.10 (a) and (b) show TH images taken with CP illumination of
an as grown and annealed (400 o C) 300-nm yttria thin film, respectively, and Figs.
6.10 (c) and (d) show TH images taken with LP illumination of the same films. The
TH images taken with both CP and LP light show a considerably higher density of
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Figure 6.10: TH images taken with (a), (b) CP and (c), (d) LP illumination of a
300-nm as grown and annealed (400 o C) yttria film, respectively.

features for the annealed sample.
From x-ray di↵raction measurements we know that the annealing at 400 o C crystallizes the film [69], cf. Fig. 6.11. We thus find a correlation between the density of
features present in the TH images and the presence of crystallites in the sample, as
measured by x-ray di↵raction.
The results presented in this section show the potential use of THM as a tool
for monitoring thin films during their manufacturing, and potentially avoid the formation of structures in the film that ultimately correlate to the performance of the
films under high power laser radiation.
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Figure 6.11: X-ray di↵raction measurements of the as grown and annealed (400 o C)
yttria films [69] referred to in Fig. 6.10.

6.3

Comparison of di↵erent thin film deposition
techniques using third-harmonic microscopy

In this section we compare TH images of titania thin films deposited using two
di↵erent techniques: electron-beam (e-beam) evaporation and ion-beam sputtering.
The absorption coefficients of these samples have been measured to be 8 cm
30 cm

1

1

and

at 800 nm, for the samples deposited by ion-beam sputtering and e-beam

evaporation, respectively [70].
Figures 6.12 (a) and (b) show TH images in transmission taken with CP illumination of a 496-nm ion-beam and a 116-nm e-beam titania thin film, respectively,
and Figs. 6.12 (c) and (d) show TH images in reflection taken with LP illumination
of the same films. The TH images taken with CP light show a considerably higher
density of localized anisotropies for the sample deposited by e-beam evaporation,
which correlates with the increase in the absorption coefficient at 800 nm in this
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Figure 6.12: TH images taken under (a), (b) CP and (c), (d) LP illumination of a
496-nm ion-beam and a 116-nm e-beam titania thin film, respectively.

sample. The TH signal with LP illumination detected in reflection is found to be
⇡ 60 times higher for the sample deposited by ion-beam sputtering. This cannot
be explained by the smaller absorption coefficient at 800 nm that characterizes this
sample. However, this could be explained by a smaller absorption coefficient at the
TH wavelength of 267 nm. Figures 6.13 (a) and (b) show the transmission spectrum
for the 496-nm ion-beam and 116-nm e-beam titania thin film samples, respectively.
For the 496-nm film the transmission at the TH wavelength is at the detection limit
of the spectrophotometer used, thus it is not possible to estimate the absorption
coefficient.
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Figure 6.13: Transmission spectrum of the (a) 496-nm ion-beam and (b) 116-nm
e-beam titania thin film.

6.4

Detecting growth and buried surfaces in absorptive films

In this section we compare TH images in transmission and reflection geometries,
taken with LP light, of a 100-nm thick tantala film, highly absorptive at the TH
wavelength, cf. Fig. 6.14 (a).

Figure 6.14: (a) TH images of a 100-nm tantala film, on a fused silica substrate,
detected in (b) reflection and (c) transmission geometries, with LP illumination.
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The Beer-Lambert law can be used to calculate the intensity of light after traveling
a distance z in an absorptive material, I(z) = I0 e

↵z

, where ↵ = 4⇡ni /

is the

absorption coefficient, with ni the imaginary part of the complex refractive index.
The probing depth, given by the inverse of the absorption coefficient ↵, is the distance
in the material in which 63 % of the incident light is absorbed. For tantala, at the
TH wavelength of 263 nm, 1/↵ = 106 nm.
Figures 6.14 (b) and (c) show TH images taken with LP light, in reflection and
transmission geometry, respectively. Similar to the TH images shown in the previous
section, the TH images of the tantala film reveal several features, likely associated
with localized anisotropy in the film. Unlike the TH images in reflection and transmission geometry shown in Fig. 6.3, of a 100-nm hafnia film (non-absorptive at 266
nm), the TH images in reflection and transmission geometry of the 100-nm tantala
film do not reveal the same distribution of features. We attribute this di↵erence in
appearance to the fact that tantala is highly absorptive at the TH wavelength. As
a result, we are likely only probing a thin layer on the growth surface of the film
when detecting in reflection, and a thin layer on the buried surface when detecting
in transmission (red and blue layers in Fig. 6.14 (a), respectively).
Therefore, for absorptive films, THM is a sensitive tool for probing the growth
and buried surfaces of thin films.

6.5

Third-harmonic microscopy applied to study
laser damage morphology in thin films

In this section we investigate laser damage morphology of thin films, see Fig. 6.15,
using THM with LP and CP illumination, in both reflection and transmission geometries, and compare to other microscopy techniques. We characterize the shape
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and size of the material damage induced by a laser with a fluence higher than the
damage threshold, and quantify the extent of material removal. First we show the
result of a multi-pulse femtosecond exposure of a hafnia film, and later a nanosecond
and femtosecond single-pulse exposure of a scandia film.

Figure 6.15: Diagram of laser damage morphology on a thin film.

6.5.1

Multi-pulse femtosecond laser damage morphology in
a 100-nm hafnia film

In this section we characterize multi-pulse femtosecond laser damage morphology in
a 100-nm hafnia film on a fused silica substrate, using various imaging techniques.
For a 20-µm beam diameter incident on such a film, the single pulse damage fluence
was measured to be F1 = 0.48 J/cm2 for a 50 fs pulse with a center wavelength of
800 nm [71].
Figure 6.16 shows TH images of an ablation crater after a 30-second exposure
to 50 fs laser pulses with a center wavelength of 800 nm at a 1 kHz repetition rate,
with a fluence above the damage threshold, taken with LP illumination and CP
illumination, in both transmission and reflection geometries. Corresponding line
profiles are shown below each image. As the TH images taken with LP light show,
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Figure 6.16: TH images of an ablation crater in a 100-nm hafnia film deposited on a
fused silica substrate. The crater was produced with 30, 000 pulses of 50 fs duration
and 800 nm wavelength. The images were taken with (a), (b) LP illumination and (c),
(d) CP illumination, in both transmission and reflection geometries. Corresponding
line profiles are also shown.

there is a decrease in signal where the ablation crater is, suggesting that material
has been removed (see Section 6.5.1). The TH images taken with CP light indicate
some laser-induced material modification at the edges of the crater that leads to
anisotropy. This anisotropy is likely the result of either induced strain or melting
and subsequent resolidification (crystallization) of the material.
Figure 6.17 shows bright field, dark field, and Nomarski images of the same ablation crater. The contrast in the bright field, dark field, and Nomarski images comes
from absorption of light by the sample, light scattered by the sample, and interference of light traveling on adjacent trajectories through the sample, respectively.

We also took an AFM image of the same ablation crater, as shown in Fig. 6.18.
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Figure 6.17: (a) Bright field, (b) dark field, and (c) Nomarski images of an ablation
crater in a 100-nm hafnia film deposited on a fused silica substrate (same crater
shown in Fig. 6.16). The crater was produced with 30, 000 pulses of 50 fs duration
and 800 nm wavelength.

Figure 6.18: AFM image of an ablation crater on a 100-nm hafnia film deposited on
a fused silica substrate (same crater shown in Fig. 6.16). The crater was produced
with 30, 000 pulses of 50 fs duration and 800 nm wavelength. Corresponding depth
profile is shown on the right. The observed slope is caused by a tilt of the sample.

Determination of material removal in an ablation crater
We can use the TH images obtained with LP illumination to quantify the extent of
material removal in the ablation crater. Because the contrast obtained in the TH
image obtained in reflection geometry is considerably better, we choose it over the
TH image obtained in transmission geometry to estimate the depth of the ablation
crater.
The experimentally obtained ratio of TH signals measured outside and inside the
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crater is found to be ⇡ 70, cf. Fig. 6.16 (b). Using our model, Eq. (5.19), we can
calculate the extent of material removal by calculating the ratio of TH signals in
reflection from a 100-nm thick film (outside the crater) and a layer of thickness d
(inside the crater), with 0  d < 100 nm. The best agreement found with experiment assumes complete removal of the film, thus exposing the fused silica substrate
underneath. A ratio of TH signals of ⇡ 66 is obtained in this case. From the AFM
image of the same ablation crater, cf. Fig. 6.18, we measure a di↵erence in depth
of ⇡ 100 nm between a location outside versus inside the ablation crater, confirming
the complete removal of the film.

6.5.2

Comparison of single-pulse femtosecond and nanosecond laser damage morphology of a 130-nm scandia film

In this section we compare single-pulse nanosecond versus femtosecond laser damage
morphology of a 130-nm scandia film on a fused silica substrate [72]. Figure 6.19
shows TH images of an ablation crater after a single-pulse exposure to 10-ns and 50-fs
laser pulses, with a fluence above the damage threshold, taken with LP illumination
and CP illumination in transmission geometry. As in Fig. 6.16, there is a decrease
in signal in the TH images taken with LP light, suggesting that material has been
removed. From the TH images taken with CP light, areas of laser-induced material
modification can be identified at the edges of the crater, which leads to anisotropy due
either to induced strain or melting and subsequent resolidification (crystallization)
of the material.
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Figure 6.19: TH images of an ablation crater in a 130-nm scandia film, which was
deposited on a fused silica substrate, after exposure to a single 10-ns pulse (top row)
and 50-fs pulse (bottom row). The images were taken with (a), (c) LP and (b), (d)
CP illumination in transmission geometry.

6.6

Summary

THM is a valuable tool for the inspection of transparent optical thin films, capable
of creating contrast where other traditional techniques (e.g. Nomarski, bright field,
dark field) fail. With CP illumination it is a nearly background free imaging method
to detect material anisotropy directly.
We investigated the e↵ect of annealing, and of di↵erent deposition techniques
for the first time using THM, and found clear di↵erences in the density of local
anisotropies as observed in the TH images. For the hafnia film we examined, x-
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ray di↵raction measurements show no appreciable change with annealing. For the
yttria film, x-ray di↵raction measurements confirm crystallization of the film with
annealing, which correlates with the higher density of localized anisotropies observed
in the corresponding TH images. We also examined the potential use of THM as a
tool for probing the growth and buried surfaces of absorptive films. Furthermore, the
applicability of THM to characterize laser damage morphology was demonstrated.
With LP illumination it can be used to quantify the extent of material removal in
ablation craters.
As a relatively fast and simple far-field all-optical imaging technique, THM is a
promising tool for monitoring thin films during their manufacturing, which cannot
be done with more complex measurement techniques such as x-ray or electron-beam
based imaging methods, and potentially avoid the formation of structures that ultimately correlate to the performance of the films under high power laser radiation.
Our findings also suggest the applicability of THM to detect material modification
in optical coatings (occurring prior to irreversible damage) during exposure to high
laser fluences.
Some of the results presented in this chapter are featured in publication [23] and
have been presented at a number of conferences including those cited in references
[39, 40, 41, 42].
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Efficient third-harmonic generation
from optimized stacks of thin films
The process of nonlinear frequency conversion involves the generation of light at a
di↵erent frequency than the input light, using optical nonlinearities. This is of great
interest when the desired wavelength region cannot be directly obtained with lasers
at a reasonable cost, or when there is an existing laser source that can be used to
generate other wavelengths (e.g. for pump-probe experiments). A limiting factor in
the efficiency of any nonlinear optical process used for this purpose, however, is given
by the phase mismatch between the di↵erent frequency components involved in such
process. To illustrate this point, Fig. 7.1 shows the calculated TH in transmission,
Eq. (5.18), from a single-layer hafnia film as a function of layer thickness (blue
line) taking into account interference e↵ects of fundamental and TH waves inside the
film. The slower modulation is due to the phase mismatch

k = 3k

 between

fundamental and TH waves, while the faster modulations are due to interference
e↵ects inside the film. As Fig. 7.1 shows, there is a layer thickness, known as the
coherence length, for which the TH conversion is a maximum. The red line in Fig.
7.1 shows the results when perfect phase matching is assumed,
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case the TH dependence on film thickness is not / D2 , as was the case depicted in
Fig. 2.2, because of interference e↵ects.

Figure 7.1: Calculated TH in transmission from a single-layer hafnia film as a function of layer thickness, cf. Eq. (5.18). The results when perfect phase-matching is
assumed are also shown.

Harmonic generation in structures with periodic modulation of the linear and/or
nonlinear susceptibilities is of interest for increasing conversion efficiencies, which
are usually limited by the phase mismatch. In these structures the phase mismatch
between fundamental and harmonic waves can be reset periodically, thus allowing
the generated signal to accumulate constructively over an extended propagation distance. This technique is known as quasi-phase-matching [25]. Periodic poling of
ferroelectrics [73], leading to a periodic sign change of the nonlinear susceptibility,
is a commonly used and well established technique. For a review on the development of structured media suitable for quasi-phase-matched interactions, see [74] and
references therein.
TH generation is a common technique to convert femtosecond laser pulses to
shorter wavelengths. Since all materials have a nonzero cubic susceptibility,
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TH can be directly generated in one step. A more common way to efficiently generate
the TH is through a two-step process of second harmonic (SH) generation, followed
by sum frequency (SF) generation of the latter and the fundamental. Since this
cascaded approach makes use of the much larger quadratic susceptibility, conversion
efficiencies are usually larger. For high efficiencies, simultaneous phase-matching for
both SH and SF generation is needed. This can be achieved by two crystals optimized
for the SH and SF processes, respectively. Overall efficiencies typically do not exceed
10%

15%.

With the advent of tabletop lasers capable of producing femtosecond pulses, with
peak powers > 1 terawatt, efficient generation of phase-matched TH by use of the
cubic susceptibility in a single nonlinear crystal has been demonstrated. It has been
shown that in addition to the directly generated TH, non-phase-matched cascaded
quadratic processes can also contribute to the total TH [26, 27]. Efficiencies of 11%
have been achieved using a single BIBO crystal, for sub-100-fs pulses at 2.1 µm [27].
Another way to efficiently generate the TH in a single nonlinear material is
through the use of quasi-phase-matched structures, where it is possible to achieve
simultaneous phase-matching of more than one parametric process, otherwise hard
to accomplish by the use of optical birefringence in a single crystal [75]. TH efficiencies of 10.8% have been achieved through the simultaneous phase matching of SH
and SF generation, for 100-fs fundamental pulses at 1550 nm, using a MgO-doped
multi-grating, periodically poled crystal [28]. Other methods involving the periodic
suppression of the cubic nonlinearity, for the direct generation of the TH, have been
demonstrated. For instance, by clamping together silica-based structures consisting
of 800-nm-thick dye-doped sol-gel silica films deposited on 300-micron-thick silica
substrates, quasi-phase-matched TH generation was demonstrated, with efficiencies
well below 1% [76].
Using thin dielectric coatings for efficient TH generation is an attractive idea due
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to their wide bandgap and broad transmission spectrum. Because of the short interaction lengths, pulse broadening and other e↵ects associated with the propagation
of short pulses, are greatly reduced. Custom stacks of films can easily be produced
with high quality using well established coating methodologies. TH conversion efficiencies of ⇡ 1% have been demonstrated from single dielectric layers of ZnO [21].
Efficient TH generation from stacks of films has also been proposed and showed some
promise [29]. However, to our knowledge, there have not been any e↵orts to design
and implement optimized stacks of films for efficient TH generation.
The goal of this chapter is to make use of the model introduced in Section 5.1 to
design film stacks for optimum TH generation, by exploiting the interplay of local
field enhancements and periodic resets of the phase mismatch.
The results presented in this chapter are based on the work featured in publication
[36]. A patent application [43] has been filed for the device and method we are
proposing to frequency convert laser radiation using TH generation.

7.1

Design of optimized dielectric thin film stacks

The model introduced in Section 5.1 is applied to design stacks of films for efficient
TH generation. The general sample architecture is a stack of alternating layers of
high and low (ideally vanishing)
(3)

(3)

materials deposited on a substrate. The low-

layers mainly act through their phase response controlling the relative phase

of the fundamental wave and TH generated in the high-

(3)

layers. In practice,

this situation can be reached with a combination of hafnia (HfO2 ) and silica (SiO2 )
layers taking advantage of the fact that their

(3)

ratio is ⇡ 20, cf. Section 5.2.2. For

simplicity we assume that the total thickness of the hafnia layers corresponds to the
coherence length of TH generation for a fundamental wave at 800 nm, D = Lcoh ⇡
627 nm. Note that for a single slab of hafnia Lcoh is the thickness for maximum TH
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conversion.
In a first step, the TH in reflection and transmission was calculated as a function
of the number of silica layers. For each case we ran a genetic algorithm routine [65] to
find the thickness and position of each layer for maximum total conversion efficiency.
To assess TH generation from stacks of films we neglected the substrate contribution.
The results are shown in Fig. 7.2. For the comparison data points without film (interference) e↵ects we took into account single reflection at and transmission through
interfaces but neglected multiple interference described by the matrix approach.
Without film e↵ects the signal with additional silica layers increases relative to
a single hafnia layer. This shows the e↵ect of a periodic reduction of the phase
mismatch introduced in the TH generating hafnia layers. Note that the theoretical
maximum TH signal for a single slab is for zero phase mismatch (dotted line in
Figs. 7.2 (b) and (c)).
If we include in addition the interference e↵ects in the film stack the signal increases further. There are two possible reasons - the stack optimization (i) maximizes
the integral fundamental in the hafnia layers due to local field enhancement and (ii)
leads to an optimum phase of the TH produced in the hafnia layers. According to our
previous discussion, the TH signal is maximum if the fields produced in each layer
and propagated through the remaining stack interfere constructively at the sample
output (either in reflection or transmission).
Figure 7.3 shows the fundamental field inside the film stack for the 9-layer sample
optimized for maximum TH in reflection, cf. Fig. 7.2. When compared to, for
example, a 9-layer quarter-wave stack, significant fundamental field enhancement is
predicted for the optimized stack.
Because the refractive index of optical materials can depend on the intensity I
of the applied field, we estimated the influence of this e↵ect on such an optimized
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Figure 7.2: (a) TH generation from stacks of films in which silica layers are progressively added, keeping the total thickness of hafnia constant, equal to one coherence
length, D = Lcoh ⇡ 627 nm. Simulated TH signal in (b) transmission and (c)
reflection with interference (crosses) and without interference (circles) taken into account. Normalization is performed with respect to a single hafnia layer of D = Lcoh .
Dotted line shows expected TH from a single hafnia layer, of D = Lcoh , assuming
perfect phase matching. The nine-layer stack thicknesses are s/[HfO2 /SiO2 ]4 HfO2 =
s/98/131/98/122/93/696/103/48/235 (s, substrate; layer thicknesses in nm).

stack. The intensity-dependent refractive index can be written as n = n0 + n2 I,
where n0 denotes the linear refractive index and n2 the nonlinear refractive index
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Figure 7.3: Simulated fundamental field inside a film stack consisting of alternating
layer of hafnia (green) and silica (yellow) for the (a) 9-layer sample optimized for
maximum TH in reflection, cf. Fig. 7.2, and for a (b) 9-layer quarter-wave stack.

[45]. For fused silica, assuming n0 = 1.45 and n2 = 3.2 ⇥ 10

20

m2 W

1

[77], and

for a peak intensity of I = 7 ⇥ 1015 Wm2 (typical for our experimental conditions),
n2 I/n0 ⇡ 0.02%. Similarly, for hafnia we estimate n2 I/n0 ⇡ 0.2%, where we used
the fact that n2 /

(3)

/n20 [45] and used the

(3)

ratio between hafnia and fused silica

of ⇡ 20, as estimated in Section 5.2.2. Consequently, the uncertainty introduced by
the intensity-dependent refractive index can be neglected.
For the frequency conversion of ultrashort laser pulses the bandwidth of the stack
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is important. The structures shown in Fig. 7.2 were optimized with respect to a single
wavelength ⌦. If we use |ER,T (⌦)|2 for a crude estimate we obtain bandwidths of the
order of 20 nm, which would support pulses of ⇡ 40 fs duration at 800 nm, cf. Fig.
7.4. In general stacks with fewer layers have larger bandwidths. In principle, stacks
can be designed using nonlinear optimization where the figure of merit includes
conversion efficiency, pulse chirp, and bandwidth. Chirp and bandwidth can be
evaluated using Eq. (5.26).

Figure 7.4: Simulated TH in (a) reflection and (b) transmission as a function of the
wavelength of the incident fundamental field, for the 9-layer optimized samples, cf.
Fig. 7.2. The results are normalized to the maximum value for the TH in reflection.

Using this approach and input fluences well below the threshold of optical damage
conversion efficiencies exceeding 20% seem possible. This would make such devices
an attractive alternative to the configurations using crystals. An optimized stack
designed for reflection could be used repeatedly to increase the overall conversion
efficiency even further or to be able to work with low incident power. External
Fabry-Perot cavities could also be used for this purpose. For enhanced reflectance
metal layers (e.g. aluminum) at nodes of the standing field distribution can be
implemented.
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7.2

Summary

In summary, we used the matrix approach for TH generation in stacked materials
presented in Section 5.1 to design optimized stacks of films for efficient TH generation.
The TH enhancement is a consequence of favorable fundamental field enhancements
and periodic corrections of the phase mismatch limiting TH conversion in single films.
Using stacks of films for efficient TH generation could ultimately lead to cheaper
and more damage resistant optical elements than what is currently available. We
predict conversion efficiencies exceeding 20%, which would make such devices an
attractive alternative to configurations using crystals. We cannot predict higher
efficiencies because our model assumes small signal conversion and non-depletion of
the fundamental. To account for this the model would have to be modified. To
first order, this could be achieved by introducing an imaginary component to the
refractive index of the materials that make up the stack. Conversion efficiencies
could potentially be increased further by designing architectures based on multiple
reflections involving the use of optimized stacks.
In order to manufacture such an optimized stack, uncertainties on the layer thicknesses of

d/d < 2% need to be ensured. Very few research laboratories are able to

do this. Currently we have an ongoing collaboration with the Laser Zentrum Hannover e.V. (Professor D. Ristau, University Hannover), a research institute with one
of the most advanced thin film deposition (ion-beam sputtering) capabilities, to get
optimized film stacks produced, which will then be tested.
Some of the work presented in this chapter is featured in publication [36]. We
have also filed a patent application [43] for the device and method we are proposing
to frequency convert laser radiation using TH generation.
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Characterization of laser-induced
plasmas by third-harmonic
generation

In the previous chapters we demonstrated the suitability of THM to visualize interfaces between materials that di↵er in their linear and nonlinear optical properties.
Taking advantage of this feature we applied THM to characterize and image dielectric
thin film coatings. In this chapter we make use of this same feature to demonstrate
the applicability of this microscopy technique for the study of laser-induced plasmas.
Laser plasma plumes from solid targets [30], which are produced in laser-induced
breakdown spectroscopy, represent an example of a type of plasma that has been investigated using THM. The potential of this technique from the standpoint of plasma
diagnostics was suggested, but it remained unclear how the observed structures in
the TH signal relate to plasma properties. There have also been a number of experiments in which TH generation by a filament producing signal pulse was studied in
the presence of a plasma string generated by an energetic pump in gaseous media,
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see for example [31, 32]. This scenario is of potential interest for the generation of
ultra-short pulses in the UV wavelength range, e.g. [33]. The observed two-order-ofmagnitude increase of the TH efficiency in the presence of the pump-induced plasma
was attributed to a plasma-enhanced

(3)

[31].

The goal of this chapter is to investigate the TH signal generated by a weak probe
beam intersecting transversely a pump laser-induced plasma in air and develop a general model for the generation of such a signal, applicable for a wide range of focusing
conditions and a radially symmetric distribution of the electron density (Ne ). Unlike
in previous experiments, the intensity of the probe pulse was chosen small enough
such that filamentation was avoided and the TH signal was proportional to the probe
intensity raised to the third power. This setup allowed us to study the properties of
the pump-induced plasma and TH generation without interference by probe-induced
filamentation and associated nonlinearities. We measure the functional dependence
of the TH signal with respect to the electron density, estimate

(3)

of such a medium,

and propose a method by which the electron density distribution of a laser-induced
plasma can be measured with temporal resolution. The conditions under which TH
generation can be used for 3D imaging of plasmas are evaluated and the limitations
discussed. Some of the experimental work presented in this chapter was performed
in conjunction with Zhanliang Sun.

The results described in this chapter are based on the work featured in publication
[34].
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8.1

Modeling third-harmonic generation from a
probe intersecting a laser-induced plasma

In Section 2.4 we showed that the TH field generated by a focused Gaussian fundamental beam propagating in an infinitely long homogeneous medium vanished due
to destructive interference of the TH waves generated before and after the focus. If a
slab of a material of thickness D is introduced with di↵erent linear and/or nonlinear
optical parameters, see Fig. 8.1, the TH field E will in general no longer vanish. The

Figure 8.1: Schematic diagram of a Gaussian beam propagating through a sample
consisting of a host material in which a medium of thickness D is embedded.

corresponding integral for the TH field can be split into three components - before
the slab, the slab, and after the slab. After adding the three contributions, taking
into consideration that at the interface of two nonlinear media the phase mismatch
between the fundamental and harmonic waves has to be continuous, the TH field
takes on the form (see Eq. (2.19))

E =
+

"
(3) Z
3i!F 3
a
⌧ap ⌧pa
2c
⌘a
t3ap ⌧pa

+ t3ap t3pa

(3)
p

⌘p
(3)
a

⌘a

e
e

iD
[ kp
2

iD[ kp

ka ]

ka ]

D
2

1

Z

Z

e

iZ/z0,a )2

(1
+D
2
D
2

e
e
(1

117

dz

i kp Z

iZ/z0,p )2

(1

+1
+D
2

i ka Z

i ka Z

iZ/z0,a )2

dz
#

dz .

(8.1)

Chapter 8. Characterization of laser-induced plasmas by third-harmonic generation
Here the subscripts p and a refer to the slab material and medium a, respectively.
We allowed for an arbitrary position zw of the beam waist by introducing Z = z
In Eq. (8.1) we assume a constant

kp and

(3)
p

zw .

in the slab. The total TH field is a

contribution from the TH generated in medium a and in the slab.

Figure 8.2: TH generation by a probe pulse intersecting transversely a pump pulse
produced plasma.

Using Eq. (8.1) we can calculate the TH field produced by a probe beam propagating through a plasma (material p) region in air (material a) centered around the
focus of the probe, cf. Fig. 8.2. According to the Drude model the refractive index
(real part) of the plasma at frequency ! can be written as [78]:
np = na

Ne
,
2Nc

(8.2)

where na (np ) is the refractive index of air (plasma) at frequency !, Ne is the electron
density, and Nc = ✏0 me ! 2 /e2 is the critical electron density where laser and plasma
frequency are equal, e and me are the electron charge and mass, respectively. For
= 800 nm, the critical electron density is Nc ⇡ 1.8 ⇥ 1027 m 3 .
From Eq. (8.2) the wave-vector mismatch between fundamental and TH fields in
the plasma can be written as:
kp =

ka + qNe ,

(8.3)
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where q =

4!/(3cNc ) and

ka = 3!(na

⌘a )/c is the wave-vector mismatch in air.

The third-order nonlinear susceptibility of air can be estimated by
10

26

(3)
a

⇡ 5.7 ⇥

m2 /V2 [48]. For the third-order nonlinear susceptibility of the plasma

(3)
p

we

make the following ansatz :
(3)
p

where

p

=

(3)
a

+

p Ne ,

(8.4)

is a constant to be determined, representing the e↵ective second-order hy-

perpolarizability of a single electron in the plasma. This ansatz is consistent with the
notion that the third-order susceptibility of the plasma

(3)
p

is controlled by the scat-

tering of quasi-free electrons by an e↵ective nonlinear ionic potential in the presence
of a laser field [79]. It assumes that the “background” nonlinearity of the neutral
and ionic gas molecules is that of air. It is conceivable that for high electron densities terms of order Ne2 and higher have to be added to account for electron-electron
interactions, electron-ion interactions, and a change in the background nonlinearity
produced by the molecules. Equation (8.4) is consistent with the procedure commonly followed to calculate the third-order nonlinear susceptibilities of solutions
from TH generation experiments, cf. Appendix F.
Equation (8.1) holds for radially symmetric electron density distributions and
sufficiently weakly focused beams (numerical aperture NA. 0.4, corresponding to
w0 > 1 µm), which is a consequence of E from Eq. (8.1) being the solution to the
paraxial wave equation. Equation (8.1) can be simplified assuming D ⌧ z0 to take
on the form
E =

3i!F 3 i D [ kp
e 2
c⌘
✓
D
D
cos
[ kp
2
2

◆ Z +1
D
e i ka z
i sin
[ kp
ka ]
dz
2
(1 iz/z0 )2
0
◆
✓
◆)
(3)
D
p
ka ] +
sin
kp
,
(8.5)
kp
2

ka ]

⇢

(3)
a



✓

where we made the approximations ⌘p ⇡ ⌘a = ⌘ in the prefactors, z0,p ⇡ z0,a = z0 ,
and assumed t, ⌧ ⇡ 1 and zw = 0. The first term in Eq. (8.5), with
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(3)
a

as a prefactor,
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represents the contribution from air, and the second term the contribution from the
plasma. For low electron densities (Ne ⌧ Nc ) as is typical for weakly ionized plasmas,
and sufficiently small plasma thickness D, the phase mismatch | kp D| ⌧ 1. This
allows us to expand the trigonometric functions and the exponential prefactor in Eq.
(8.5), using Eq. (8.3), to first order in Ne . We obtain

Z +1
3i!F 3
e i ka z
(3)
E=
DNe iq a
dz +
2c⌘
(1 iz/z0 )2
0

p

.

(8.6)

Since the TH signal S / |E|2 we expect that S / Ne2 in the low electron density
limit.
Figures 8.3 (a) and (b) depict the calculated TH signal as a function of the
electron density of a pump-induced plasma (D = 100 µm) for weak and strong
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Figure 8.3: Calculated TH signal as a function of Ne for (a) weak focusing conditions,
D ⌧ z0 , and (b) tight focusing conditions, D
z0 , using Eq. (8.1), solid blue line,
and Eq. (8.1) neglecting the contribution from air, solid red line. The dashed line in
(a) shows a parabolic fit.

8.3 (a) and (b) show the exact results using Eq. (8.1), while the solid red lines neglect
the contribution from air to the generated TH signal. For weak focusing conditions,
Fig. 8.3 (a), the contribution from air cannot be neglected. The TH generated
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in air and in the plasma are of the same order of magnitude but opposite signs.
For tight focusing conditions, Fig. 8.3 (b), the contribution from air is important
for the low electron densities. Only for high electron densities this contribution
becomes negligible, since the e↵ect of the “quasi-free” electrons on the signal becomes
dominant, cf. Eq. (8.4). In general, the air contribution can be approximately
neglected if ( p Ne D)/(2

(3)
a z0 )

1, where the factors ( p Ne D) and (2

(3)
a z0 )

are an

approximate measure of the magnitude of the signal generated in the plasma and
air, respectively.
The dotted line in Fig. 8.3 (a) shows a parabolic fit, confirming that S3! / Ne2

in the low electron density limit. For electron densities Ne > 1024 m

3

and D =

100 µm, | kp D| & 1 and the approximations leading to Eq. (8.6) are not valid. The
oscillations of the TH signal are a consequence of the phase mismatch approaching
and exceeding ⇡.
Figure 8.4 shows the TH signal as a function of the confocal parameter 2z0 for

TH energy (a.u.)

constant probe energy. If focused tightly, the probe will generate TH in a small

1

0.5

0

0
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1
1.5
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2

Figure 8.4: Calculated TH signal as a function of 2z0 for Ne = 1.5 ⇥ 1023 m
D = 100 µm.

3

and

volume, representing a small fraction of the plasma, with the limiting case where the
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TH signal becomes negligible for a bulk sample, cf. Section 2.4.1. For large z0 the
small probe intensity prevents efficient TH generation. Optimal focusing conditions
are found for 2z0 ⇡ D, for the case where | kp D| ⌧ 1.
In typical experimental conditions the electron density distribution is not constant
along z,
Ne (z) = Ne f (z).

(8.7)

Such an electron density distribution produces a gradient in the plasma nonlinearity
(3)
p (z),

cf. Eq. (8.4), and in the wave-vector mismatch

kp (z), cf. Eq. (8.3). The

total TH field can be calculated using a relation similar to Eq. (8.1). The integral
corresponding to the plasma region is split into smaller regions of thickness

z within

which Ne (z) can be regarded constant. As before, when adding these contributions,
the accumulated phase in one region has to be correctly added to the phase in the
following region. The TH field takes on the form
3i!F 3
2c⌘

E =
+

(

(3) iD ka
e i
a e
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izm /z0 )

,

2

(3)
p (zm )

(8.8)

1), with m = 1, 2, ..., M . Under

these conditions it is still possible to show analytically that S3! / Ne2 , in the low
electron density limit, by expanding the exponential factors containing
(8.8) to first order in Ne , e

i kp (zm ) z

⇡1

i z ka

kp in Eq.

i zqNe .

The experimental results shown in the next sections were carried out using the
setup depicted in Fig. 3.8. We used the pulse train from a titanium:sapphire chirpedpulse-amplification laser system providing 40-fs, 800-nm pulses, with energies of 2
mJ, at a 1-kHz repetition rate. The TH signal from the probe beam, chopped at a
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frequency of 71 Hz, was spectrally filtered and detected with a photomultiplier tube
connected to a lock-in amplifier, synchronized to the chopping frequency.

8.2

The scaling of the third-harmonic signal with
respect to probe energy

Figure 8.5 shows the TH signal as a function of the probe pulse energy with a pumpinduced plasma present. This 10-cm long plasma of diameter D ⇡ 140 µm, cf.
Section 8.6, was produced by 1.5 mJ pulses using a lens L1 with f = 1 m. The probe
was focused with an f = 30-cm lens (L2) producing a beam waist of w0 ⇡ 17 µm at
zw = 0. For small probe energies (. 5 µJ) the TH signal shows the expected cubic
dependence. For larger energies the slope is less than three, which was also observed
in [80] and is likely a consequence of the generation of a plasma by the probe and
subsequent probe defocusing. From experimentally obtained ionization rates of N2
and O2 as a function of laser intensity [11,12], we can estimate Ne ⇡ 3 ⇥ 1024 m

3

at

probe energies of about 20 µJ (see Appendix G.1 for a more detailed calculation).
In the experiments to be described below where we used TH generation as a
diagnostic tool the probe intensity was kept sufficiently small. This ensured that the
TH signal generated by the probe alone was negligible compared to the case were a
pump-induced plasma was present and that the cubic power relationship applied. For
example, for a probe energy of 1.7 µJ under the focusing conditions of Fig. 8.5 and no
plasma present, the TH signal was below our detection limit. From experimentally
obtained ionization rates of N2 and O2 as a function of laser intensity [11,12], we
estimate Ne ⇡ 3 ⇥ 1017 m

3

for such a probe pulse (see Appendix G.2 for a more

detailed calculation).
In Appendix H the relationship between the TH signal generated by a probe
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Figure 8.5: TH signal as a function of the probe energy with a pump-induced plasma
present. The solid line shows a power law with  ⇡ 3 as expected for TH generation.
beam (no plasma present) and the probe energy is investigated.

8.3

Time-dependent electron density in the air
plasma

The time-dependent electron density in the plasma Ne (⌧ ) was determined by means
of a di↵raction experiment [81] based on a pump-probe scheme. A pinhole was placed
in front of a photodiode in order to select the zero spatial frequency component of
the product of the probe field and the complex transmission function of the filament,
as shown in Fig. 8.6. This setup allowed us to monitor the negative lens produced
by the plasma, and hence determine the time-dependent electron density.
To relate the di↵raction results to the refractive index change induced by the
plasma

n, the probe signal can be modeled using Fraunhofer di↵raction [81]. It
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Figure 8.6: Schematic diagram of the experimental setup to measure the di↵raction
signal of a probe pulse intersecting transversely a pump pulse produced plasma.
L1, L2, lenses; BS, beam splitter; A, variable attenuator; PD, photodiode. Dashed
rectangle is a zoomed-in diagram that illustrates the negative lens produced by the
plasma.

can be shown that the relative signal change is proportional to the plasma-induced
index change,
S=

S0 ( n) S0 ( n = 0)
⇡ Q n,
S0 ( n = 0)

(8.9)

where Q is a calibration factor that, assuming a Gaussian transverse electron density
profile, can be written as [81]
2<(AB ⇤ )
Q⇡
,
|A|2

where A =

r

⇡
1
w2

ik
2R

p
i⇡kD/ 2 ln 2
and B = q
. (8.10)
2
ik
8 ln 2
+
w2
R
D2

Here w and R correspond to the beam size and beam radius of curvature, respectively,
of the probe beam at the position of the plasma center (a distance zp away from the
probe’s beam waist).
Figure 8.7 shows the di↵raction signal

S as a function of the time delay ⌧

between pump and probe pulses.
The probe was focused with an f = 50-cm lens (L2) producing a beam waist
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Figure 8.7: Measured di↵raction signal | S| as a function of the delay between pump
and probe pulses. The solid line shows a fit to the data based on Eq. (8.13). The
decrease of S with delay time is a result of the plasma density changing due to the
recombination of electrons with ions.

of ⇡ 28 µm at zw = 0. The laser amplifier repetition rate was reduced to 250 Hz
to avoid thermal e↵ects (see below). S0 ( n = 0) was determined through lockin detection by measuring the probe intensity when the pump beam was blocked,
while chopping the probe beam at a frequency of 71 Hz. S0 ( n)

S0 ( n = 0)

was determined through lock-in detection by measuring the probe intensity while
chopping the pump beam at a frequency of 71 Hz.
During the time scale of interest, the plasma density changes due to the recombination of electrons with ions and the electron and ambient gas temperature change
due to elastic and inelastic collisions. Under these assumptions, the rate equation
for the electron density can be written as
dNe (t)
=
dt

kei Ne2 (t),

(8.11)

where kei is the electron-ion recombination rate. Assuming kei is constant, the solu-
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tion to Eq. (8.11) takes on the form
Ne (t) =

Ne0
.
1 + kei Ne0 t

(8.12)

From Eqs. (8.9) and (8.12), and using the fact that
(8.2), the di↵raction signal
S(t) ⇡

1
,
a + bt

n(t) =

Ne (t)/(2Nc ), see Eq.

S can be written as

where a =

2Nc
2Nc kei
and b =
.
QNe0
Q

(8.13)

The solid line in Fig. 8.7 shows a fit to the experimental data according to Eq.
(8.13), which yields a = 24.8 ± 0.9 and b = 0.35 ± 0.01. For our experimental
geometry (w0 ⇡ 28 µm, zp ⇡ 2 cm, M 2 ⇡ 1, and a plasma diameter (refer to Section

8.6) D ⇡ 140 µm) the scale factor Q takes on the value Q ⇡ 590, which is assumed to
be constant. From Eq. (8.13) and the fit results, the initial electron density and the
electron-ion recombination rate are estimated to be Ne0 = (2.4 ± 0.2) ⇥ 1023 m
kei = (5.9 ± 0.4) ⇥ 10

14

3

and

m3 /s, respectively. The errors in these quantities originate

from the uncertainties of the fit parameters a and b, and the scale factor Q.
Because of the bimolecular nature of the electron-ion recombination, see Eq.
(8.12), the spatial profile of the electron density in the plasma Ne (z) changes from
Gaussian at large Ne (0) (small delays) to a more flat-top profile for low Ne (0) (large
delays). This behavior is illustrated in Fig. 8.8.

8.4

Third-harmonic dependence on the electron
density

In order to investigate the relationship of TH conversion and the electron density of
the plasma, we measured the TH signal as a function of the time delay ⌧ between
pump and probe pulses and obtained the time-dependent electron density in the
plasma Ne (⌧ ) as explained in Section 8.3.
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Figure 8.8: Simulated spatial profiles of the electron density in the plasma Ne (z) for
di↵erent times, according to Eq. (8.12). Because of the bimolecular nature of the
electron-ion recombination, the profile changes from Gaussian, at early times, to a
more flat-top profile, at later times.

The probe was focused with an f = 30-cm lens (L2) producing a beam waist of
⇡ 17 µm at zw = 0. The laser amplifier repetition rate was reduced to 250 Hz to
avoid thermal e↵ects (see below). Figure 8.9 shows the so obtained TH signal from
the probe as a function of the electron density in the plasma. In order to measure the
di↵raction and TH signals for the same experimental conditions, the lenses used to
focus the probe beam for both experiments (f = 50 cm and f = 30 cm, respectively)
were mounted on magnetic bases so it was easy to switch between the two geometries.
For each time delay we were thus able to measure both the di↵raction signal (Fig.
8.7) and the TH signal (Fig. 8.9).
The solid line in Fig. 8.9 shows predictions our model, cf. Eq. (8.8). The
change of the electron density spatial profile was taken into account, as explained in
Section 8.3. We observe the expected trend with the deviations due to experimental
uncertainties (e.g. electron density calculations and associated profiles).
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Figure 8.9: TH signal as a function of the electron density in the plasma. The solid
line shows simulation results based on Eq. (8.8). Because the profiles changed with
delay, the TH signal does not scale quadratically with the electron density.

8.5

Determination of the plasma third-order susceptibility

To estimate the plasma nonlinearity

(3)
p

we compared the measured TH conversion

efficiency as a function of electron density (Fig. 8.9) with the model predictions,
according to Eq. (8.8). From Eq. (8.4) we obtained

p

= 2 ± 1 ⇥ 10

49

m5 V 2 ,

where the main sources of error stem from the uncertainties of the beam waist and M 2
value of the probe, and on
air (Ne ⇡ 1.5 ⇥ 1023 m
be

(3)
p

⇡ 8.7⇥10

26

3

(3)
a .

For electron densities of fs-pulse-induced filaments in

[81]) the third-order nonlinear susceptibility is estimated to

m2 /V2 , a value that is approximately 1.5 times greater than the

third-order nonlinear susceptibility of air,

(3)
a

⇡ 5.7 ⇥ 10

26

m2 /V2 [48]. This result

means that the e↵ective second-order hyperpolarizability of a single “quasi-free”
electron in the plasma is about 70 times larger than that of an average air molecule
(

p

⇡ 70 ⇥

(3)
a /Nair

where Nair is the total number of air molecules ⇡ 2 ⇥ 1025

m 3 ). In reference [31] an estimate for

(3)
p
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of 4.5 ± 3 ⇥ 10

24

m2 /V2 was reported
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for Ne ⇡ 2 ⇥ 1025 m 3 , in agreement with what we obtain using our value for

p

and

Eq. (8.4). Our approach is unique in that in our model we consider the contribution
from air to the total generated TH, unlike previous work [31], which can only be
neglected under certain conditions, as discussed in Section 8.1, making it applicable
for a wide range of focusing conditions and electron densities.

8.6

Spatial distribution of the electron density

In order to determine the spatial distribution of the electron density in a laser produced plasma, the TH signal was recorded while the plasma was scanned laterally
(y direction) across the probe beam, which was realized by moving the focusing lens
of the pump beam (L1) along the y direction using a translation stage, cf. Fig. 3.8.
This resulted in the filament moving by the same amount

y with respect to the

probe beam. This is true in the vicinity of the focal plane of lens L1, in which case
aberrations and a change in the time delay between pump and probe beams can be
neglected. The results of the scan are shown in Fig. 8.10. We used an f = 30-cm
focusing lens (L2) for the probe producing a beam waist of ⇡ 17 µm at zw = 0. The
solid line in Fig. 8.10 was obtained from Eq. (8.8), and shows a distribution with a
width of ⇡ 100 µm, for a time delay of 20 ps, and ⇡ 140 µm, for a time delay of 140
ps. For each y position we assumed a constant Ne over the probe beam with respect
to y and integrated over z. Since S(y) / Ne2 (y) the spatial distribution shown in Fig.
8.10 corresponds to Ne2 (y). From this we obtain that the spatial distribution of Ne (y)

has a width of ⇡ 140 µm for a time delay of ⌧ = 20 ps, and a width of ⇡ 200 µm for a
time delay of ⌧ = 140 ps. Using TH lateral scans to measure electron density spatial
distributions with temporal resolution is advantageous over fluorescence techniques,
for example, where the response time is given by the shorter of the integration time
of the detector and the fluorescence lifetime.
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Figure 8.10: TH signal obtained by scanning the probe laterally (y direction) through
the plasma for a time delay of (a) ⌧ = 20 ps and (b) ⌧ = 140 ps . The solid line
shows simulation results based on Eq. (8.8).

It should be mentioned that for repetition rates & 500 Hz the TH scan profiles
exhibit pedestals extending over about 1 mm. We attribute this to an increase in
the temperature of the air surrounding the plasma. Our TH generation model, Eq.
(8.8), predicts a TH contribution from an air channel with a refractive index and
nonlinear susceptibility gradient expected from a temperature and resulting particle
density gradient. To avoid this, the laser amplifier repetition rate was set to 250 Hz
(Figures 8.9 and 8.10).

8.7

Third-harmonic generation in higher-density
air plasmas

To study TH generation for higher plasma densities we generated an air plasma of
a few mm length by focusing the pump pulse with a 10-cm-focal-length lens L1, cf.
Fig. 3.8. The probe beam was focused using a 6-cm-focal-length lens (L2) producing
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a waist of ⇡ 6 µm. The laser amplifier repetition rate was set to 1 kHz, since the
thermal e↵ects were negligible under these experimental conditions.

Figure 8.11 shows the TH signal while the plasma was scanned laterally (y direction) across the probe beam for several pump pulse energies (left column), and
simulation results (right column). To simulate the TH signal as a function of the
scan coordinate we first estimated the electron density distribution from Keldysh
theory [82] assuming a Gaussian pump intensity distribution with waist w0 ⇡ 50 µm
(see Appendix G.1 for a more detailed calculation). This value is larger than the
predicted waist generated by a 10-cm-focal-length lens. For the high intensities used,
however, the generation of a plasma and subsequent defocusing prevents the pump
from reaching such small waists. The value assumed for the simulations was chosen
based on the best agreement found between the simulations and the experimental
results. It should be noted that the pump intensities involved lead to tunneling
ionization and are higher than intensities for which rates have been determined experimentally [83]. The simulated electron densities are shown in the right column
(dashed lines). These electron density distributions Ne f (y, z) were then used in Eq.
(8.8) to obtain the TH signal, which is shown as a solid line. We find good overall
qualitative agreement between the model predictions and the experimental data. For
the higher pump energies Ne (y, z) broadens and its peak value increases. The model
predicts local minima of the TH produced in the plasma center even though this is
where Ne (y, z) peaks, which is a consequence of the phase mismatch exceeding ⇡, cf.
Fig. 8.3 (a). Therefore, structure found in the TH signal of high-density plasmas
does not necessarily point to similar structures in the electron density itself. Figure
8.12 illustrates this point.
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0
60

Figure 8.11: TH signal obtained by scanning the probe laterally through the plasma
for di↵erent pump energies (left column) and a pump-probe delay of 1.5 ps. The
solid line (right column) shows simulation results based on Eq. (8.8). The dashed
line shows the spatial electron density distribution obtained from a multi-photon
ionization model in air.
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Figure 8.12: (a) Schematic diagram of a TH lateral scan of a high-density plasma,
and (b) simulated results. (c) Phasor diagram for the total TH field as a function of
the electron density.

8.8

Prospect of 3D mapping of electron densities
using third-harmonic generation

In the low density regime, cf. Fig. 8.10, and assuming cylindrical symmetry of
the plasma, the lateral scans can be used to measure plasma density distributions
(3)
p

with temporal resolution by measuring

and using Eq. (8.4) as a function of

pump-probe delay. This approach is advantageous over fluorescence techniques, for
example, where the response time is given by the shorter of the integration time of
the detector and the fluorescence lifetime.
The question arises whether microscopic 3D imaging of plasmas using TH generation is possible. To resolve feature sizes

z one would need focusing conditions of

the probe for which the confocal parameter 2z0 .
S3! / Ne2 for unambiguous interpretation,
hand, if 2z0 ⌧

z. At the same time, to ensure

kp z ⌧ 1 is required. On the other

z the TH field would vanish due to destructive interference of the

TH waves generated before and after the focus, adding another source of ambiguity

134

Chapter 8. Characterization of laser-induced plasmas by third-harmonic generation
in interpreting the structure found on the TH signal. As an example, boundaries
of relatively uniform regions of thickness D

2z0 and individual structures with

dimensions ⌧ 2z0 separated by D could give rise to similar TH signals. In certain
cases this ambiguity could be addressed by performing series of scans with di↵erent
focusing conditions and scan directions. The detection limit of the experiment will
dictate how strong the probe beam can be focused while keeping the intensity small
enough to ensure a cubic power law for the TH conversion and to avoid significant
contributions to the TH signal in the absence of the pump. As an example, for
an air plasma with an electron density Ne = 1025 m 3 , the upper limit on the dimension D which can be probed without ambiguities using a single lateral scan is
D ⇡ 1/ kp ⇡ 16 µm.
In conclusion, 3D mapping of plasma densities using TH generation can be done
for certain plasma symmetries, such as those found in air-filaments, where single
scans can provide this information, along with modeling when necessary.
It is worth mentioning that the methods and results described in this work are not
restricted to femtosecond laser-induced plasmas. This methodology can be applied,
for example, to study plasmas generated from a nanosecond pulsed laser using a
femtosecond probe, so long as both sources are synchronized.
Most of the results presented in this chapter are featured in publication [34] and
have been presented at a number of conferences including those cited in references
[37, 39, 40].

8.9

Summary

A model of TH generation by a probe in the presence of a pump-induced plasma was
developed that can be applied to a wide range of focusing and plasma conditions.
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Contributions to the TH signal from the plasma and ambient gas can be distinguished and their relative strength depends on probe beam parameters and plasma
size and density. When the probe is weakly focused the contribution from ambient
gas molecules cannot be neglected. For higher density plasmas and when the probe
is tightly focused the contribution from ambient gas molecules becomes negligible.
In general, we conclude that the air contribution can be approximately neglected if
( p Ne D)/(2

(3)
a z0 )

1.

To use TH generation as a plasma probe, care must be taken to keep the probe
pulse fluence small enough to ensure a cubic power law for the TH conversion and to
avoid significant contributions to the TH signal by the focused probe in the absence
of the pump. Using this probe regime,
V

2

(3)
p

=

(3)
a + p Ne (z)

with

p

= 2±1⇥10
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was determined for the third-order susceptibility of the plasma. Under certain

conditions (cylindrically symmetric plasma, phase mismatch ⌧ 1, and a confocal
parameter of the probe approximately equal to the size of the plasma), lateral scans
of the probe beam through the plasma can be used to determine 2D plasma density
profiles with sub picosecond time resolution. In the general case, phase mismatch
critically a↵ects the scan profiles and must be taken into account to derive electron
density profiles. 3D mapping of plasma densities using TH generation seems possible
when additional information is available, such as the peak densities and approximate
dimension of the structures. The latter could be obtained via modeling or confocal
fluorescence imaging combined with up-conversion if temporal resolution is needed.
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Chapter 9
Summary and outlook

Nonlinearities in the response of a material to an applied electric field arise whenever the strength of the field becomes large enough that the induced dipole oscillators
in the material are no longer able to respond in a linear fashion. As a result, the
re-emitted light can contain new frequency components not present in the incident
radiation field. Third-harmonic (TH) generation is an example of a third-order nonlinear signal generation process that involves the generation of light with a frequency
that is three times that of the input laser beam. TH microscopy (THM), a nonlinear optical microscopy technique based on TH generation, is particularly suited to
visualize interfaces between materials that di↵er in their linear and nonlinear optical properties. This makes THM a highly versatile technique with a broad range of
applications including general material characterization and imaging of living biological cells and tissue. The work presented in this thesis centered on the use of THM
for imaging and diagnostics, with a focus on two major applications: 1) dielectric
thin film coatings and 2) laser-induced air plasmas. The generality of the models
developed here means that they can be applied to examine other physical systems
and to investigate di↵erent nonlinear signal generation processes.

137

Chapter 9. Summary and outlook
Because spherical aberration is an unavoidable e↵ect that results from focusing
through a dielectric slab with high numerical aperture (NA) microscope objectives,
we investigated its influence in TH generation, and determined the conditions under
which it can be neglected. The experimental data showing the dependence of this
e↵ect on sample thickness and the NA of the focusing optics is in good agreement with
theoretical predictions based on a model we developed. These results are relevant
for applications involving material characterization, such as the determination of
third-order nonlinear susceptibilities.
Due to the suitability of THM to visualize inhomogeneities in the refractive index and/or nonlinear susceptibility of materials, including thin layers and interfaces
between di↵erent media, we apply it to the study of thin films. The interpretation
of TH images of thin samples, such as films or membranes, however, is hampered
by the fact that the TH signal is a sum of fields from the layer of interest and the
surrounding material within the focal volume. We developed a matrix approach for
TH generation in stacked materials, in both transmission and reflection geometries,
that takes into account the contribution from the substrate to the total generated
TH, interference of fundamental and nonlinear fields inside the stack, the nonlinear
signal generation in forward and backward direction, the beam profile of the focused
incident beam in the substrate, and the finite spectrum associated with short laser
pulses. Compared to previously developed models, we follow a rather intuitive approach that allows for the inclusion of e↵ects that had not been considered. We
applied our model to determine third-order nonlinear susceptibilities,

(3)

oxide single-layer films from measurements. The bandgap dependence of

, of several
(3)

of these

dielectric films agrees with predictions from a simple nonlinear oscillator model. We
also measured the TH in transmission and reflection produced by samples consisting
of stacks of films deposited into fused silica substrates and found good agreement
with predictions based on our model. Simple relations were derived to determine
when the TH from the film dominates that from the substrate, and demonstrated
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that TH in reflection can considerably reduce the signal from the substrate compared
to TH in transmission, which is particularly important for THM of thin structures
(e.g. cell membranes) and the determination of nonlinear susceptibilities of thin
films.
Considering the countless number of applications where the use of high laser
fluences is needed, developing tools that allow the characterization and subsequent
improvement of high quality optical coatings, usually made from dielectric oxide thin
films, is important. We demonstrated the value of THM as a tool for the inspection of transparent optical thin films. Under circularly polarized illumination it is a
nearly background free imaging method to detect material anisotropy directly. Since
high quality films are expected to display a highly isotropic behavior, any deviation
from pure isotropy represents a potential source of contrast for THM. These localized
anisotropies may be laser-induced or inherent to the film, but both are likely correlated to the performance of the film under high power laser radiation. We analyzed
and implemented a method for alternating between linear and circular polarization of
the incident fundamental beam in the focal plane of the TH microscope and demonstrated the utility and sensitivity of THM to detect localized anisotropies in nascent
films, indicating regions of increased crystallinity or residual stress from the deposition process. The contrast in the TH images is found to be substantially higher
with circular polarization. We investigated the e↵ect of annealing and of di↵erent
deposition techniques for the first time using THM, and found clear di↵erences in
the density of local anisotropies as observed in the TH images. We also examined
the potential use of THM as a tool for probing the growth and buried surfaces of absorptive films. Furthermore, the applicability of THM to characterize laser damage
morphology was demonstrated. With linearly polarized illumination it can be used
to quantify the extent of material removal in ablation craters. These results show
the potential use of THM as a tool for monitoring thin films during their deposition,
which cannot be done with x-ray or electron-beam based imaging techniques, and
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potentially avoid the formation of structures that ultimately correlate to the performance of the films under high power laser radiation. Our findings also suggest the
applicability of THM to detect material modification in optical coatings (occurring
prior to irreversible damage) during exposure to high laser fluences. One possibility
for future work would be to find a better correlation between TH and other microscopy results (e.g. x-ray). Another interesting direction for future research would
be to devise an experiment to measure the TH with circularly polarized light and
perform a damage test in the same position of the coating.
We also demonstrated the applicability of our matrix approach for TH generation
in stacked materials to design novel structures, consisting of an optimized sequence
of films, for efficient TH generation. The TH enhancement is a consequence of favorable fundamental field enhancements and periodic corrections of the phase mismatch
limiting TH conversion in single films. Conversion efficiencies are predicted to reach
20

30%, exceeding that of previous methods. The stacks can also be optimized

to support the conversion of the large spectral width of ultrashort laser pulses while
minimizing undesired dispersive e↵ects. In order to manufacture such an optimized
stack, uncertainties on the layer thicknesses of

d/d < 2% need to be ensured, which

can only be accomplished by very few research laboratories. Currently we have an
ongoing collaboration with the Laser Zentrum Hannover e.V., a research institute
with one of the most advanced thin film deposition (ion-beam sputtering) capabilities, to get optimized film stacks produced, which will then be tested. An attractive
direction for future work is to extend the model to include stronger focusing conditions as well as depletion from the incident pump. The design of architectures (such
as external Fabry-Perot cavities) that could increase the conversion efficiencies even
further is another potential direction for future research.
Taking advantage of the capability of THM to visualize interfaces between different media and thin structures, we also applied this technique to the study of
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laser-induced air plasmas. We developed a model of TH generation by a probe in
the presence of a pump-induced plasma that can be applied to a wide range of focusing and plasma conditions. Contributions to the TH signal from the plasma and
ambient gas can be distinguished and their relative strength depends on probe beam
parameters and plasma size and density. When the probe is weakly focused the
contribution from ambient gas molecules cannot be neglected. For higher density
plasmas and when the probe is tightly focused the contribution from ambient gas
molecules becomes negligible. To use TH generation as a plasma probe, care must
be taken to keep the probe pulse fluence small enough to ensure a cubic power law
for the TH conversion and to avoid significant contributions to the TH signal by
the focused probe in the absence of the pump. Under this probe regime, we derived a relation for the third-order susceptibility of the plasma as a function of the
third-order susceptibility of air and the electron density in the plasma. We derived
conditions under which lateral scans of the probe beam through the plasma can be
used to determine 2D plasma density profiles with sub picosecond time resolution.
3D mapping of plasma densities using TH generation seems possible when additional
information is available, such as the peak densities and approximate dimension of
the structures. The latter could be obtained via modeling or confocal fluorescence
imaging combined with up-conversion if temporal resolution is needed. An attractive
direction for future research on pump-induced plasmas would be to study the e↵ect
of an external magnetic field on such a plasma.
Most of the results presented in this thesis are featured in publications [34, 35,
36, 23] and have been presented at a number of conferences including those cited in
references [37, 38, 39, 40, 41]. A patent application [43] has also been filed for the
device and method we are proposing to frequency convert laser radiation using TH
generation.
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Appendix A
Pulse propagation e↵ects in
third-harmonic generation

The derivations presented in Chapter 2 implied monochromatic input fields. To deal
with short laser pulses and the associated finite spectrum, a similar procedure as for
the monochromatic case can be followed, except that it is now necessary to consider
the coupling of di↵erent frequency components within the extended pulse spectrum
that give the same output frequency.
For simplicity and for didactic purposes, the derivations in this appendix will be
performed assuming plane waves. We write the fields at the fundamental and TH
frequencies as,
Fe(z, t) = F (z, t)e

e t) = E(z, t)e
E(z,

ik0 z i!0 t

e

i0 z i$0 t

e

,

(A.1)

where $0 = 3!0 and F and E are the fundamental and TH slowly varying field
amplitudes, respectively.
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We start from a reduced wave equation in the form [60]
@E(z, t)
1 @E(z, t)
+
=
@z
vE
@t

9i! 2 (3) 3
F (z, t)e
20 c2

i k z

,

(A.2)

where vE is the group velocity at the TH frequency. Here we omit the dependence
of the nonlinear susceptibilities on the frequencies of the electric fields, which is
justified if the material is lossless and dispersionless and responds instantaneously
to the applied fields. Equation (A.2) can be simplified by performing a coordinate
transformation into a retarded frame of reference moving at the group velocity of the
TH field,
⌧ =t

z
,
vE

to get,
@E(⇠, ⌧ )
=
@⇠

!

⇠=z

@
@
1 @
=
+
,
@⇠
@z vE @t

✓

9i! 2 (3) 3
1
F
⌧
+
20 c2
vE

(A.3)

◆
1
⇠ e
vF

i k ⇠

,

(A.4)

where vF is the group velocity at the fundamental frequency.
This equation can be integrated to get,
E(L, ⌧ ) =

9i! 2 (3)
20 c2

ZL

d⇠F

0

3

✓



1
⌧+
vE

◆
1
⇠ e
vF

i k ⇠

.

(A.5)

We next Fourier transform the above equation,
E(L, ⌦) =

9i! 2 (3)
20 c2

ZL

⇢

d⇠ FT F

0

3

✓



1
⌧+
vE

1
⇠
vF

◆

e

i k ⇠

,

(A.6)

where we have defined ⌦ = $ $0 . To solve this we first define the Fourier transform
of F ,
1
F (⌦) = FT {F (⌧ )} =
2⇡
1
=
2⇡

Z1
1
Z1

d⌧ F

✓



◆
1
⇠ e
vF

1
⌧+
vE

dqF (q)e

1
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where q = ⌧ +

h

1
vE

3

FT F (⌧ )

1
vF

i

⇠. Likewise we have,

1
=
2⇡

Z1

1
=
2⇡
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h ⇣
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1
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⌦) d⌦00 F (⌦00 )F (⌦00
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1

where we used the fact that the Fourier transform of the product of two time functions
is the convolution of the Fourier transforms of each individual function,
FT{f.g} = FT{f } ⇤ FT{g} =

Z1

d⌦0 f (⌦0 )g(⌦0

⌦).

(A.9)

1

We can now write E(L, ⌦), after integrating with respect to ⇠, as
✓ ◆
1 9i! 2 (3) iaL/2
aL
E(L, ⌦) =
Le
sinc
2
2⇡ 20 c
2
Z1
Z1
⇥
d⌦0 F (⌦0 ⌦) d⌦00 F (⌦00 )F (⌦00
1

where a = ⌦

⇣

1
vE

1
vF

1

⌘

k .
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Appendix B
Transverse resolution of a
third-harmonic microscope
In this appendix we derive a relationship between the beam waist w0 of a Gaussian
fundamental beam (of wavelength , propagating in a medium with refractive index
n) and the NA of the focusing microscope objective. To do this we first calculate the
radial distance q1/2 corresponding to the half maximum of the intensity di↵raction
pattern resulting from an infinite plane wave going through a circular aperture.
Next we calculate the radial distance r1/2 corresponding to the half maximum of
the intensity of a Gaussian beam. The last step is to impose q1/2 = r1/2 , to get a
relationship between w0 and NA.
The intensity of the Fraunhofer di↵raction pattern of a circular aperture is given
by the following relation (see for example [53]),

2
2J1 (x)
I(✓) = I0
,
x

(B.1)

where I0 is the maximum intensity of the di↵raction pattern (Airy disc), J1 is the
Bessel function of the first kind of first order, x =

2⇡

a sin ✓ =

⇡

q2 tan ↵, a is the

radius of the aperture, ✓ is the angle of observation, q is the radial distance from
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the optical axis in the focal plane, and tan ↵ = a/f with f the focal length of the
objective, cf. Fig. B.1. It can be shown that the half maximum of the intensity

Figure B.1: Basic variables involved in the description of di↵raction by a circular
aperture.

di↵raction pattern occurs for x = x1/2 = 1.6163, implying that q1/2 is given by
q1/2 =

1.6163
.
2⇡ tan [arcsin(NA/n)]

(B.2)

Next, the intensity of a Gaussian beam at the focal plane can be written as
I = I0 e

2r 2
2
w0

.

(B.3)

Here, the radial distance r1/2 corresponding to the half maximum of the intensity is
given by
r1/2 =

r

ln 2
w0 .
2

(B.4)

The final step is to impose q1/2 = r1/2 , which yields,
1.6163
w0 = p
⇡ 0.437
.
tan [arcsin(NA/n)]
⇡ 2 ln 2 tan [arcsin(NA/n)]
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As Fig. B.2 shows, the intensity distribution of a Gaussian beam with w0 given
by Eq. (B.5) is a good approximation to the intensity distribution of the di↵raction
pattern given by Eq. (B.1).

Figure B.2: Intensity distribution of a Gaussian beam with w0 given by Eq. (B.5),
blue dots, and the di↵raction pattern given by Eq. (B.1), red solid line.
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Appendix C
Longitudinal resolution of a
third-harmonic microscope
In this Appendix we derive a relationship between the full width at half maximum
of a TH longitudinal scan, FWHM3!,z , and the Rayleigh range of the corresponding
fundamental Gaussian beam, z0 .
We assume an incident Gaussian fundamental beam and a sample thickness D ⌧
z0 . The TH energy is
Z 1
S/
rdr|E|2 ,

(C.1)

0

where
E / |F 3 (r, z)|2 ,

(C.2)

as given by Eq. (2.13), and
|F 3 (r, z)|2 =

w06
e
w6 (z)

6r 2
w2 (z)

,

(C.3)

as given by Eq. (2.16). Substituting Eqs. (C.2) and (C.3) into Eq. (C.1) and
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performing the integral yields
S/

w06
,
w4 (z)

(C.4)

where we used the fact that

R1
0

rdre

ar2

=

1
.
2a

The next step is to determine the position z = z1/2 for which the TH signal drops
to one half of its maximum,
q
p
w4 (z = z1/2 )
S(z = 0)
=2=
)
2 1 z0 = z1/2 ,
S(z = z1/2 )
w4 (z = 0)
p
where we used the fact that w(z) = w0 1 + (z/z0 )2 , cf. Eq. (2.17).

(C.5)

Since FWHM3!,z = 2z1/2 we get
1
z0 = pp
2
2

1

FWHM3!,z ⇡ 0.78 FWHM3!,z .

(C.6)

Even though Eq. (C.6) was derived assuming a sample thickness D ⌧ z0 , the
width of a TH longitudinal scan of an interface between two semi-infinite materials
is given by the same relation, which we confirmed experimentally and numerically.
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Knife-edge measurements of a
Gaussian beam

The knife-edge technique is commonly used to measure the diameter of a Gaussian
beam. Here, the total transmitted power is recorded while a sharp knife-edge is
translated through the beam.
The Gaussian intensity profile can be written as

I(x, y) = I0 e

2x2
2
wx

e

2y 2
2
wy

,

(D.1)

where wx,y is the beam waist radius at the focus in the x and y directions. The total
power from such a Gaussian beam is given by
Z+1
⇡
PT =
I(x, y)dxdy = I0 wx wy .
2

(D.2)

1

If we now consider a knife-edge being translated in the x-direction, the total
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transmitted power can be written as the total power minus the blocked power,

P (x) = PT

I0

Zx
1

r

e

2x2
2
wx

2

Z+1
e
dx
Z0

2y 2
2
wy

1

2x2
2
wx
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Zx

2x2
2
wx

3

⇡ 4
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e
dx + e
dx5
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1
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" r
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r
r
⇡
1 ⇡
1 ⇡
2
= PT I 0
wy
wx +
wx erf
x
2
2 2
2 2
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"
p !#
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2
=
1 erf
x
.
2
wx
= PT

I0

(D.3)

Equation (D.3) can be written in terms of the FWHMx of the Gaussian beam at
p
the focus using the fact that wx = FWHMx / 2 ln 2
"
!#
p
PT
2 ln 2
P (x) =
1 erf
x
.
(D.4)
2
FWHMx
Equation (D.4) assumes that the beam is blocked as x is increased. If, on the contrary,
the beam is blocked as x is decreased, the minus sign in Eq. (D.4) is replaced by a
plus sign. A similar procedure is followed when the knife-edge is translated in the
y-direction.
In Section 3.1.1 a TH image of a sharp gold edge was used to estimate the transverse resolution of the TH microscope. In this case we fitted a profile obtained from
p
such an edge to a function similar to Eq. (D.4): a[1+erf(2 ln 2(x b)/FWHM3!,r )]+
c, from which we obtained the full width at half maximum of the TH distribution,
FWHM3!,r . Here, a, b, and c are fitting parameters. FWHM3!,r is then related to
p p
the beam waist of the fundamental Gaussian beam by w0 = FWHM3!,r 3/ 2 ln 2,
where w0 = wx = wy as confirmed by measurements.
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Approximations to the spherical
aberration phase factor
In this appendix we derive an approximate relation to determine when the e↵ects of
spherical aberration can be neglected.
In Section 4.1 we showed that the spherical aberration phase error written in
terms of the spatial frequency variable ⇢ takes on the form,

sa

=

⇡

t(n2b

"
2
n
n2a ) a3 2
nb

2

n2a

⇢2

2

s

1

2

n2a

#

⇢2 ,

(E.1)

where the spatial frequency variable ⇢ can be related to the numerical aperture of
the microscope objective by sin ✓a na = NA = ⇢.
By expanding the square root term in Eq. (E.1) and neglecting terms proportional
to ⇢n with n > 4 we can approximate the spherical aberration phase error to
sa

⇡

⇡t n2b n2a
4 n2a n3b

3 4

⇢ =

⇡t n2b n2a NA4
.
4 n2a n3b

(E.2)

Next we use Eqs. (3.1) and (3.2) to write the NA in terms of the Rayleigh range of
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the incident beam to get
sa

⇡

t n2b n2a
.
5z02 n2a n3b

(E.3)

Finally we make the order-of-magnitude approximation (n2b

n2a )/(n2a n3b ) ⇡ 2 (e.g.

this factor is ⇡ 0.4 when nb and na refer to glass and air, respectively) to obtain
sa

⇡

Thus, when

t
.
10z02
sa

⇡

(E.4)
t
10z02

⌧ 1 the e↵ects of spherical aberration can be neglected.
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Third-order nonlinear
susceptibilities of solutions
For the process of TH generation the third-order nonlinear susceptibility of a solution
is given by [84]
(3)

= Ns f s

s

+ Nt f t t ,

(F.1)

where Ni is the number of solvent (s) or solute (t) molecules per unit volume,

i

is the second-order hyperpolarizability, and fi is a product of local-field correction
factors:
fi = f (3!)f 3 (!).

(F.2)

The Lorentz-Lorentz factor is commonly used for the local-field correction factors for
fields at optical frequencies,
f (!) =

n2 (!) + 2
,
3

(F.3)

where n(!) is the refractive index at frequency !.
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In general the same local-field correction factors are assumed for solvent and
solute [84], so Eq. (F.1) becomes
(3)

n2 (3!) + 2
= f [Ns s + Nt t ] =
3

✓

n2 (!) + 2
3

◆3

[Ns

s

+ Nt t ].

(F.4)

For the case of an air plasma, cf. Chapter 8, we can assume n(!) ⇡ n(3!) ⇡ 1
and thus f (!) ⇡ f (3!) ⇡ 1 and rewrite Eq. (F.4) for the nonlinear susceptibility of
the plasma as
(3)
p

= Ns

s

+ Nt

t

=

(3)
a

+ Ne p ,

(F.5)

where now the solvent corresponds to air Ns
p

s

=

(3)
a ,

Ne is the electron density, and

is the e↵ective second-order hyperpolarizability of a single electron in the plasma.

Equation (F.5) is in agreement with the ansatz given by Eq. (8.4).
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Electron density calculations in air
plasmas
When atoms, molecules, or ions are exposed to high-intensity laser radiation, ionization can occur. Multiphoton ionization and tunneling ionization are the two limiting
cases of the ionization process [82]. In order to discriminate between the two regimes,
the value of the adiabaticity or Keldysh parameter

is usually employed. This pa-

rameter is the ratio of the electron tunneling time Te through a potential barrier and
the period of the laser oscillation T = 2⇡/!, and is given by the expression
p
! 2me Ip
Te
!
=
=
=
,
T
!e
e|F |

(G.1)

where Ip is the ionization potential, |F | is the amplitude of the electric field, and
e and me are the electron charge and mass, respectively. When the laser field becomes strong enough,

⌧ 1, electrons can tunnel through the barrier of its distorted

Coulomb potential to become ”quasi” free. On the other hand, for

1 multipho-

ton absorption dominates, cf. Fig. G.1.
The procedures described below show how to estimate the electron density in a
weakly (G.2) and strongly (G.1) ionized air plasma. For the laser intensities used in
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Figure G.1: Diagram of di↵erent ionization regimes: direct ionization, multiphoton
ionization
1, and tunnel ionization ⌧ 1.
the case of the weakly ionized air plasma (

1) ionization rates have been experi-

mentally obtained [83]. The laser intensities used in the case of the strongly ionized
air plasma ( ⌧ 1) lead to tunneling ionization and are higher (I & 1015 W/cm2 )
than intensities for which ionization rates have been experimentally determined [83].
The electron density in an air plasma can be calculated according to the following
relation

dNe (y, z, t)
= R(y, z) ⇥ N ⇥ 1
dt

Ne (y, z, t)
,
N

(G.2)

where R(y, z) is the ionization rate and N is the density of neutrals. The solution
to Eq. (G.2) can be written as
⇥
Ne (y, z, t) = N 1

e

F

⇤

,

(G.3)

where F = R(y, z)⌧I and ⌧I is a characteristic ionization time which is on the order
of the pulse duration ⌧p .

G.1

Calculation of electron densities:

⌧1

⌧ 1 the ionization rate R can be written as follows [82]
!1/2
(
p
p
◆)
3/2 ✓
6⇡ Ip
e"~
4 2me Ip
me ! 2 I p
R(") =
⇥ exp
1
, (G.4)
3/2
4 ~ m1/2
3
e~"
5e2 "2
e Ip

For the case

158

Appendix G. Electron density calculations in air plasmas
where "(y, z) = "0 e

2
(y 2 +z 2 )/w0,pump

and w0,pump is the beam waist of the pump beam.

The ionization potentials for N2 and O2 are Ip,N2 = 15.6 eV and Ip,O2 = 12.1 eV,
respectively.
The total electron density is Ne (y, z) = Ne,N2 (y, z) + Ne,O2 (y, z). According to
Eq. (G.3) the electron density of the air plasma can be estimated as
⇥
Ne,N2 (y, z) = NN2 1
⇥
Ne,O2 (y, z) = NO2 1

e
e

F N2
F O2

⇤

⇤

; where FN2 = RN2 (")⌧p
; where FO2 = RO2 (")⌧p .

(G.5)

The simulated electron densities shown in Fig. 8.11 were obtained from Eq.
(G.5).

G.2

Calculation of electron densities:

1

For intensities below a certain value, it has been shown that the dependence of the
ionization rate R with laser intensity I(y, z) follows a power law [83] according to
R(I) = RT

✓

I
IT

◆↵

(G.6)

where RT and IT are a pair of experimental values used as reference points [85]. For
IT,O2 = IT,N2 = IT = 1013 W/cm2 , the ionization rates for nitrogen and oxygen are
RT,N2 = 2.5 ⇥ 104 s

1

and RT,O2 = 2.8 ⇥ 106 s 1 , respectively. By performing a fit

to the ionization data presented in Ref. [83] ↵N2 = 7.5 for nitrogen and ↵O2 = 6.5
for oxygen for laser intensities I < 1014 W/cm2 [85]. These values are lower than
those expected from the number of photons needed for multiphoton absorption (11
for nitrogen and 8 for oxygen, at 800 nm) which is indicative of contributions from
tunnel ionization.
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Taking into consideration the contributions from nitrogen and oxygen, Eq. (G.2)
can be written as
dNe (y, z, t)
dNe,N2 (y, z, t) dNe,O2 (y, z, t)
=
+
dt
dt ✓ ◆
dt
↵ N2 
I
Ne (y, z, t)
= RT,N2 NN2
1
IT
N
✓ ◆↵ O2 
I
Ne (y, z, t)
+ RT,O2 NO2
1
.
IT
N

(G.7)

The number densities of N2 and O2 are NN2 = 0.78 ⇥ Nair and NO2 = 0.21 ⇥ Nair ,
respectively. At the atmospheric pressure of Albuquerque (0.82 atm) this corresponds
to NN2 = 1.62 ⇥ 1025 m

3

and NN2 = 4.36 ⇥ 1024 m 3 . The total electron density

is Ne (y, z) = Ne,N2 (y, z) + Ne,O2 (y, z). According to Eq. (G.3), the solution to Eq.
(G.7) can be written as
⇥

Ne,N2 (y, z) = NN2 1
⇥
Ne,O2 (y, z) = NO2 1

◆ ↵ N2
I
e
; where FN2 = RT,N2
⌧p
IT
✓ ◆↵O2
⇤
I
F O2
e
; where FO2 = RT,O2
⌧p .
IT
F N2

✓

⇤

(G.8)
(G.9)

For a laser intensity of 1.1 ⇥ 1014 W/cm2 (probe energy = 20 µJ and w0 ⇡
17 µm) and a pulse duration ⌧p = 40 fs, the maximum electron density, considering
contributions from both N2 and O2 is Ne ⇡ 3 ⇥ 1024 m 3 , as quoted in Section 8.2.
On the other hand, for a laser intensity of 9.4 ⇥ 1012 W/cm2 (probe energy = 1.7 µJ
and w0 ⇡ 17 µm) and a pulse duration ⌧p = 40 fs, the maximum electron density,

considering contributions from both N2 and O2 is Ne ⇡ 3 ⇥ 1017 m 3 , as quoted in
Section 8.2.
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Appendix H
Third-harmonic signal generated
by a focused probe beam in air

The TH signal generated by a probe beam focused in air (without a pump-induced
plasma present) was measured and investigated. The experiments were carried out

Figure H.1: Schematic diagram of the experimental setup to measure TH generation
by a focused probe pulse. L1, L2, lenses; DM, dichroic mirror; A, variable attenuator;
P, prism; PMT, photomultiplier tube.
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using a titanium:sapphire chirped-pulse-amplification laser system providing 40-fs,
800-nm pulses, with energies of 2 mJ, at a 1-kHz repetition rate, as described in
Section 3.2. A schematic diagram of the experimental setup is shown in Fig. H.1.
Figure H.2 shows the TH signal as a function of the probe pulse energy. The
probe pulse was focused with an f = 30-cm lens (L1) producing a beam waist of
w0 ⇡ 17 µm. The TH signal produced by the probe was filtered from the fundamental
using dichroic mirrors, a prism, and an interference filter, and was detected by a
photomultiplier tube (PMT).

experiment
fit

TH energy (a.u.)

1

10

−1

10

κ ≈ 4.6

−3

10

0

10

1

10
probe energy (µJ)

Figure H.2: TH signal as a function of the probe energy without the pump-induced
plasma present. The dashed line shows a power law with  ⇡ 4.6.

The dependence observed in Fig. H.2 has been reported in the literature (see
for example [86, 87, 88, 89]) for both molecular gases (such as air, as in the present
case) and atomic gases (such as xenon), with slopes ranging from ⇠ 4.2

5.5. The

experiment described was repeated several times. Di↵erent light polarizations were
used, the repetition rate of the laser was varied, and the collection geometry was
optimized in order to be able to collect smaller TH signals. Every time the TH
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signal was proportional to the th power of the laser intensity, with  ⇡ 5. The
deviations from  = 5 could be the consequence of slight variations in the confocal
parameter, pulse duration, and M 2 value of the probe beam, among others. The
observations may at first seem surprising, since TH generation usually scales as the
third power of the laser intensity and also because no TH generation is expected for
a tightly focused Gaussian beam in a normally dispersive material. As demonstrated
in reference [86], the modification of the propagation laws of Gaussian beams due
to the nonlinear refractive index, n(I) = n0 + n2 I! , leads to a TH signal which is
proportional to the fifth power of the laser intensity I3! / I!5 .
It is worth mentioning that molecular alignment could have played a role as well,
adding to the e↵ect of self-focusing [90, 91, 92]. These two e↵ects have been measured
and distinguished from one another [93, 94].
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